Chapter 21

Short Cut Fusion of Recurswve
Programswith Computational
Effects

Neil Ghant, PatriciaJohanA
Category: Reseath

Abstract:  Fusionis the procesof improving the efficiency of modularly con-
structedprogramsby transformingtheminto monolithic equivalents. This paper
definesa generalizatiorof the standardbui | d combinatorwhich expressesini-

form productionof functorial contects containingdataof inductive types. It also
provescorrectafusionrulewhichgeneralizeshef ol d/bui | d andf ol d/bui | dp

rulesfrom the literature,and eliminatesintermediatedatastructuref inductive
typeswithout disturbingthe contexts in which they are situated. An important
specialcasearisesvhenthis context is monadic.Whenit is, asecondule for fus-
ing combinationf producersandconsumersia monadoperationsratherthan
via composition,is alsoavailable. We give examplesillustrating both rules,and
considettheir coalgebraicualsaswell.

21.1 GENERALIZING SHORT CUT FUSION
21.1.1 Intr oducing Short Cut Fusion

Fusionis the processf improving the efficiency of modularly constructedro-
gramsby transformingtheminto monolithic equivalents. Shortcut fusion[7] is
concernedvith eliminatinglist traversalsirom compositionsf componentshat
are“glued” togethewia intermediatdists. Shortcut fusionusesa local transfor
mation— known asthef ol dr /bui | d rule — to fuse computationswvhich can
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newtype Mu f =1In {unln :: f (M f)}

fold :: Functor f => (f a->a) ->M f ->a
fold h (In k) =h (fmap (fold h) k)

build :: Functor f =>
(forall a. (f a->a) ->c->a) ->¢c ->Mf
build g =g In

fold k . build g =gk

FIGURE 21.1. Thefol d andbui | d combinatorsand f ol d/bui | d rule.

bewrittenascompositionf applicationof the uniformlist-consumingunction
f ol dr andtheuniform list-producingfunctionbui | d givenby

foldr :: (b->a->a) ->a->[b] ->a
foldr ¢ n[] =n
foldr ¢ n (x:xs) = c¢ x (foldr ¢c n xs)

build :: (forall a. (b->a->a) ->a->a) ->[b]
build g =g (:) []

Thefunctionf ol dr is standardn the Haslell prelude. Intuitively, fol dr ¢ n
xs producesavalueby replacingall occurrencesf (: ) in xs byc andtheoccur
renceof [] inxs byn. Thus,sum xs = foldr (+) 0 xs sumsthe(numeric)
elementsof the list xs. Uniform productionof lists, on the otherhand, is ac-
complishedusingthecombinatomui | d, whichtakesasinputatype-independent
templatefor constructingabstract”listsandproducescorrespondingconcrete”
list. Thus,build (\c n ->c 4 (c 7 n)) producesghelist[ 4, 7] . Uniform
list transformerganbewritten in termsof bothf ol dr andbui | d. For example,
thefunctionmap canbeimplementedhs

map i (a->b) ->[a] ->[h]
map f xs = build (\c n -> foldr (c . f) n xs)

Thef ol dr /bui I d rule capitalizeson the uniform productionand consump-
tion of lists to improve the performanceof list-manipulatingprograms. It says

foldr ¢ n (build g) =gcn (21.1)

If sqgr x = x * x, thenthis rule canbe used,for example,to transformthe
modularfunctionsum . map sgr :: [Int] -> I nt whichproducesnin-
termediatdist into anoptimizedform which doesnot:

foldr (+) O

(build (\¢c n ->foldr (c . sqgr) n xs))
(\¢ n->foldr (c . sgqr) nxs) (+) O
foldr ((+) . sqgr) O xs

sum (map sqgr Xs)



buildp :: Functor f =>
(forall a. (f a->a) ->c¢c ->(a,z)) ->c¢c -> (M f, 2)
buildp g =g In

fmap (fold k) . buildp g = g k

FIGURE 21.2. The bui | dp combinator and f ol d/bui | dp fusion rule.

21.1.2 Short Cut Fusionfor Inductive Types

Inductive datatypesrefixed pointsof functors. Functorscanbe implementedn
Haslell astype constructorsupporting nap functionsasfollows:

class Functor f where
frap :: (a->b) ->f a->f b

The functionf map is expectedto satisfy the two semanticfunctor laws stating
thatf map preseresidentitiesand composition;asusual,it is the programmers
responsibilityto ensurethatthis is the case. It is well-known that analogue®f
f ol dr existfor everyinductive datatype As shawvnin [5, 6], everyinductivetype
alsohasanassociatedeneralizedui | d combinatortheextratypec in thetype
of bui | d is motivatedin thosepapersandto lesserextentin Section21.3below.
Thesecombinatorsanbeimplementedyenericallyin Haslell asin Figure21.1.
There,Mu f representshe leastfixed point of the functorf, andl n represents
the structuremapfor f, i.e., the “bundled” constructorgor the datatypemu f.
The f ol d/bui | d fusion rule for inductive typescan be usedto eliminatedata
structureof typeMu f from computationsThef ol dr andbui | d combinators
for lists canberecoveredby takingf to bethefunctorwhosefixedpointis[ b] .
Thef ol dr /bui | d rule canberecoreredby takingc to be the unit type aswell.
As usualf ol d andbui | d implementtheisomorphism$etweernnductive types
andtheir Churchencodings.

21.1.3 Short Cut Fusionin Context

Shortcutfusionhandlecompositiong . f in whichthedatastructuregproduced
byf ispassedromf tog. Butwhatif f producesiotjustasingledatastructure,
but multiple suchstructuresembedghesedatastructuresn anon-trivial context,
andpassesheresultto g for consumptiorof thesedatastructures'in context”?
Is it possibleto eliminatetheseintermediatedatastructuresrom g . f while
keepingthe context information,which g may needto computeits result,intact?
Unfortunately standardfusion techniquesannotachieve this: the intermediate
datastructureproduceddy f cannotbedecoupledrom thecontext in whichthey
aresituated.n [2], Fernandesardo,andSaravaintroduceatechniqudor fusing
compositiong . f inwhichf passeso g notonly theintermediatelatastructure
producedby f , but anadditionaldatumaswell. Althoughg requiresthis datum
to computeits result, this datumis not usedwhen processinghe intermediate
datastructure andsoonly the datastructureitself needso be eliminatedfrom g
f . To dothis, [2] usesa variantof the standard ol d/bui | d rule basednthe
combinatorui | dp, which captureghe extra datumby returninga datastructure



superbuild :: (Functor f, Functor h) =>
(forall a. (f a->a) ->c ->ha) ->c ->h (M f)
superbuild g =g In

frmap (fold k) . (superbuild g) = g k

FIGURE 21.3. Thesuper bui | d combinator andf ol d/super bui | d fusionrule.

embeddedn a pair context. The datatype-generibui | dp combinatorandits
associated ol d/bui | dp fusionrule aregivenin Figure21.2. There,f map is the
mapfunction
frmap :: (a ->b) -> ([a],z) -> ([b],2)
fmap (as,z) = (map f as, z)
which witnesseghe factthatthe type constructoh givenby h x = (x, z) isa
functor. The context informationproducedoy bui | dp andusedby theconsumer
in theleft-handsideof thef ol d/bui | dp fusionruleis reflectedn the pairreturn
typesof bui | dp andits templateargument,aswell asin the mappingof f ol d
acrosghepairin theassociated ol d/bui | dp rule. Thisrule eliminatesinterme-
diatedatastructureswithin the context of pairingwith anadditionaldatum.

But now supposeave wantto write afunction
gsplitwien :: (b -> Bool) -> [b] -> [[Db]]
which splitsalist into sublistsat every elementhatsatisfiesa givenp. Notethat
thefunctiongspl i t When splitslists into arbitrarynumbersof sublists,depend-
ing on the datathey contain,andthatthe type z in the type of bui | dp cannot
beinstantiatedo allow the returnof a numberof lists which hasthe potentialto
changeon eachprogramrun. This meanghatgspl i t When cannotbe writtenin
termsof bui | dp. Moreover, compositionsof gspl i t When with functionsthat
consumeeachof the individual “inner” lists producedby gspl i t Wen but re-
quiretheinformationinherentin its “context list” to computetheir resultscannot
be fusedusingthe f ol d/bui | dp rule. But why try to structureprogramsonly
with contets of the form (-, z) ? Thatis, why not considera generalization
of thebui | dp combinatoranda generalizatiorof thef ol d/bui | dp fusionrule
which canbe usedto eliminateintermediatedatastructures]ik e thosereturned
by gspl i t When, which appearin contets otherthanjust pairs? Thatis pre-
cisely whatthis paperdoes. We call thesegeneralizationsuper bui | d andthe
f ol d/super bui | d rule, respectiely. Like bui | dp andthef ol d/bui | dp rule,
oursuper bui | d combinatorandf ol d/super bui | d fusionrule areavailableat
everyinductive datatype Datatype-generigersionsaregivenin Figure21.3;note
thatthetype of superluild is actuallygenericin bothf andh. Thegeneralization
of the pair contet in the type of bui | dp is capturedby the replacementn the
typeof super bui | d of thetype(x, z) bythetypeh x for amoregeneral‘con-
text functor” h. This generalizatioris furtherreflectedin the replacemenof the
f map function for pairsin thef ol d/bui I dp rule by the f map function for the
more generalcontet functorh in thef ol d/super bui | d rule. Thef ol d com-
binatorin thef ol d/super bui | d ruleis theonefor Mu f, asusual. Thesef map



andf ol d functionsare guaranteedo be definedpreciselybecausehe type of
super bui | d requiresbothf andh to befunctors.We arguein Section21.3that
thef ol d/super bui | d rule holdsfor alarge classof functorsh.

Takingh x = x givesthe generalizecbui | d combinatorandf ol d/bui I d
rule from Figure21.1, while takingh x = (x, z) givesthebui | dp combina-
tor andf ol d/ bui | dp rule from Figure21.2.In generalthef ol d/super bui | d
rule canfusecompositionsn which context informationdescribabldy non-pair
functorsis passedalongwith intermediatedatastructuresfrom produceito con-
sumer Indeed,thef ol d/super bui | d rule eliminatesintermediatestructuresof
typeMmu f obtainedoy mappingaconsumeexpressedsaf ol d overthedataof
typeM f storedin acontext specifiedby afunctorh. Thus,settingc = [b], h
x = [x],andf to bethefunctorwhoseleastfixedpointis[ b] , we canwrite

gsplitWien p = superbuild go where
go c nz = case z of
[ ->[]
(W ->[c wn]
(w: ws) ->let xs = gocnws
inif pwthen (c wn) : xs
else (c w (head xs)) : (tail xs)

If Igh = foldr (\x -> (1+)) 0 thenusingthef ol d/superbui | d rule to
fusethecompositiorevLghs = map | gh . gsplitWen even gives

evLghs’ z = case z of
[ -> 1]
(W -> [1]
(w: ws) ->let xs = evLghs' ws
inif even wthen 1 : xs
el se (head xs + 1) : (tail xs)

NotethatevLghs’ tradesproductionandconsumptiorof thelist of intermediate
listsreturnedby gspl i t When even in evLghs for productionof thecorrespond-
ing list of valuesobtainedby applying!l gh to eachsuchlist.

21.1.4 Short Cut Fusionin Effectful Contexts

The ability to fuse intermediatedata structuresin context turns out to be the
key to extendingshort cut fusion to the effectful setting. Although fusion in
the presencef computationakffectshasbeenstudiedby otherresearcherésee,
e.g.,[11, 12, 14, 16]), shortcutfusionin particularhasnot previously beenfor-
mally exploredin this context. To performshortcutfusionin aneffectful context,
thefunctionalargumentto super bui | d, andthussuper bui | d itself, musthave
amonadicreturntype. Monadscanbeimplementedn Haslell astype construc-
tors supporting>>= andr et ur n operationsasfollows; theseoperationsare ex-
pectedo satisfythe semantianonadlaws, but ensuringthis for allegedinstances
of Haslell's Monad classis, asusualthe programmeis responsibility

cl ass Monad m where
return :: a ->ma
(>>=) :: ma->(a->mb) ->nb



nsuperbuild :: (Functor f, Monad m =>
(forall a. (f a->a) ->c ->ma) ->c¢c ->m (M f)
nmsuperbuild g = g In

nsuperbuild g ¢ >>= fold k = g k ¢ >>=id

FIGURE 21.4. The msuper bui | d combinator and f ol d/msuper bui | d fusion
rule.

If mis a monad,theninstantiatingthe context functorh to min super bui | d’s
type givesthe nsuper bui | d combinatorin Figure 21.4. The accompaging
f ol d/msuper bui | d ruleisthenatural‘monadification”of thef ol d/super bui | d
rule; we give anexampleof its usein Section21.2. This rule doesnot eliminate
the monadiccontext describedby m but doeseliminateintermediatedatastruc-
turesof typemu f within thatmonadiccontext. Moreover, theruledoesin general
changehecontet containingthedatastructure andsois moresophisticatedhan
its non-monadicounterpart.

The remainderof this paperis structuredasfollows. In Section21.2we ap-
ply our new f ol d/superbui | d andf ol d/nmsuper bui | d rulesto substantre
examples. In Section21.3 we shav how the super bui | d andnsuper bui | d
combinatorsare derived from initial algebrasemanticsand prove the correct-
nessof their associatedusionrules. In Section21.4we give non-monadicand
monadicsuper dest r oy/unf ol d rules dual to our non-monadicand monadic
f ol d/super bui | d rules; our resultsfor super bui | d andnsuper bui | d are
easilydualizedto prove themcorrect. In Section21.5we discussrelatedwork,
and in Section21.6 we concludeand offer directionsfor future research. A
Haslell implementatiorof our resultsandanadditionalexamplehighlightingthe
versatilityof ourrulesareavailableatht t p: / / www. cs. not t . ac. uk/ ~nxg.

21.2 EXAMPLES

In this sectionwe give somemoresophisticate@gxamplesshavcasingthe power
of thef ol d/super bui | d andf ol d/msuper bui | d fusion rules. Our first ex-
ample shavs that the f ol d/super bui | d rule can be usedto eliminate inter
mediatedata structuresother than lists. Our secondexample shavs that the
f ol d/msuper bui | d rule caneliminatedatastructureswithin the statemonad.

Example21.1.Considetthe simplearithmeticexpressiordatatypegivenby
data Oper = Add | Mul | Sub deriving (Egq, Show)

data Expr = Lit Int | Op Oper Expr Expr deriving (Egq, Show)

Thef ol d combinatorfor expressionsthe instanceof super bui | d for expres-
sionswherec is Expr andh x is[ x] , andtheassociatedusionrule are

foldExpr :: (Int ->a) -> (Cper ->a ->a ->a) -> Expr -> a
foldExpr | o e = case e of
Lit i ->1i



O op el e2 ->o0 op (foldExpr | o el)
(foldexpr | o0 e2)

superbui | dExpr :: (forall a. (Int ->a) ->
(Oper ->a->a->a) -> Expr ->[a]) -> Expr -> [ Expr]
superbui | dExpr g = g Lit Op

map (foldExpr | o e) (superbuild g) =gl o e

If we defineopToHas Add = (+), opToHas Mul = (*), andopToHas
Sub = (-), thenwe canimplementan interpreterwhich tracesthe evaluation
stepstakenin computingtheintegervaluesrepresentetly expressionsas

trace :: Expr -> [ Expr]
trace = superbuil dExpr g

g:: (Int ->a) -> (Oper ->a ->a->a) -> Expr -> [a]
gl oe = case e of
Lit i -> 1[I i]

o op el e2 ->let bl foldExpr | o el

b2 = fol dExpr | o e2

e = o op bl b2

Lit k =last (g Lit Op el)

Lit j =last (g Lit Op e2)

bls =gl o el

b2s =gl o e2

in (e : (map (\x -> 0 op x b2)

(tail bls))

++ (map (o op (last bls))
(tail b2s))

++ [ (opToHas op k j)])
For example thecall

trace (Op Mul (Op Add (Lit 5) (Lit 6)) (Op Sub (Lit 7) (Lit 4)))

generatethetrace

[ Op Mul (Op Add (Lit 5) (Lit 6)) (Op Sub (Lit 7) (Lit 4)),
Op Mul (Lit 11) (Op Sub (Lit 7) (Lit 4)),
O Mul (Lit 11) (Lit 3), Lit 33 ]

Onceaninterpretertraceis built, it is possibleto performvariousanalyseof
it. For example,we can measurghe computationakffort requiredto compute
the valuerepresentethy eachexpressiorarisingin the evaluationof a given ex-
pression. For this we usecount , which countsO units of effort to computea
literal, 2 to performan addition, 3 to performa subtractionand5 to performa
multiplication.

count Add x y = x +y + 2
count Sub x y =x +y + 3
count Mul x y = x +y + 5



Wethenhave

costExprs :: Expr -> [Int]
cost Exprs expr = map (fol dExpr (\x -> 0) count)
(superbui | dExpr g expr)

Forexamplethecallcost Exprs (Op Mul (Qp Add (Lit 5) (Lit 6)) (Op
Sub (Lit 7) (Lit 4))) generatesheresult[ 10, 8, 5, 0] . Fusionusingthe

f ol d/super bui | d rulegivestheequivalentfunctioncost Exprs’ g (\x -> 0)
count , in which theintermediatdist of expressionss not constructed.

Example21.2.Pardo[14] shaws that graphtraversalalgorithms,suchas depth-
first traversaland breadth-firsttraversal, can be written as calls to a monadic
unf ol d combinator Here,we shav thatthesealgorithmscanbewrittenin terms
of msuper bui I d. Therelationshippbetweermonadicandnon-monadiainf ol d
combinatorsandbetweersuper bui | d andnsuper bui | d, is discussseth Sec-
tion 21.5below.

A graphtraversalis representeds a function which takesasinput a list of
root verticesof a graphandreturnsa list containingthe verticesmetin orderas
thegraphis traversed.We canrepresentheverticesof a graphby integers,anda
graphby anadjaceng list functionfor verticesasfollows:

I nt

Vo> [V

In a graphtraversal,eachvertex is visited at mostonce. To avoid repeatedsisits
to verticeswe canusethe statemonad/13, 15] to maintainalist of verticesvisited
previously in thecomputatiorandthreadthis list throughthetraversal.We there-
fore definea datatypeof visit-dependendata, eachelemenbf whichis afunction
takinga list of verticesalreadyvisited asinput andreturninga datumdepending
onthatlist togethewith anupdatedist of visitedvertices.We have

type V
type G aph

data State s a = State {runstate :: s -> (s,a)}

instance Monad (State s) where
return a = State (\s -> (s,a))
t >>= f State (\s ->let (s',v) =runstatet s
in runstate (f v) s’)

type Vis a = State [V] a
Visit-dependentlatasupportthe following usefulauxiliary functions:
data Unit = Unit

bot :: a
bot = bot

emp :: Vis a->a
emp xs = snd (runstate xs [])



dft :: (V->1[V]) ->[V] ->[V]
dft g vs = enp (depthFirst g vs)

depthFirst :: (V->[V]) ->[V] -> Vis [V]
depthFirst g = superbuild (df Q)

daf :: (V->[V]) ->
forall a. (V->a->a) ->a->[V] ->Vis a
df g ¢ n vs = case vs of
[1 ->return n
(X:xs) -> memx >>=
(\b ->if b then df g c n xs
el se sunion x >>=
(\z ->df gcn (g x ++ xs) >>=
(\ys -> return (c x ys))))

FIGURE 21.5. Depth-first graph traversal functions.

sunion :: V -> Vis Unit
sunion v = State (\vs -> (v:vs, bot))

mem:: V -> Vis Bool
memv = State (\vs -> (vs, elemv vs))

With this machineryin placewe can define depth-firsttraversalasin Fig-
ure 21.5. There,dft first allocatesan emptylist of visited vertices,thenruns
dept hFi r st , yielding a final list of visited vertices,andthen de-allocateghis
visitation list andreturnsthe list resultingfrom the traversal. At eachiteration
of the traversal,df exploresthe currentlist of rootsin vs to find a vertex it has
not reachedbefore. This is accomplishedy removing from the front of vs all
verticesfor which mem x is true until eitheran urnvisited vertex or theendof vs
is encounteredWhenan urvisited vertex x is encountereddf addsx to thelist
of verticesvisited, recursively computeshe depth-firsttraversalsof the graphs
rootedat x’s children,aswell asthosespecifiedby therestof the verticesin vs,
andthenreturnsthe list of verticesobtainedby addingx to the list of vertices
recordingthe orderin which the restof the verticesaretraversed. The codefor
breath-firstsearchis identical, exceptthat the function bf correspondingo df
usexs ++ g x ratherthang x ++ xs. To traversea particulargraphwe spec-
ify thedesiredtraversal,the graphs adjaceny list function,andits root vertices.
For example,if thegraphGismodeledoyg 0 = [2,1],9 1 = [],andg x =
[ x+1], thendept hFirst g [0] computeghe depth-firstsearchof G starting
atrootvertex 0.

For example to consumeheresultof atraversalwith fi | t er gph odd where
filtergph :: (V-> Bool) ->[V] -> Vis [V]
filtergph p = foldr (\vi ->if pv then return (v : enp i)

else return (enp i)) (return [])

we canwrite oneof thefollowing, dependingn thedesiredtraversal



df Fil g = enp (depthFirst g [0] >>= filtergph odd)
bf Fil g = enp (breadthFirst g [0] >>= filtergph odd)

To performthe samecomputationsithout constructinghe intermediatdists of
visit-dependenterticeswe canusethef ol d/nsuper bui | d ruleto get

dfFil’ g = emp ((df g) (\vi ->if odd v then return (v : enp i)
else return (enp i))
(return []) [0] >>=id)

bfFil' g = enmp ((bf g) (\vi ->if odd v then return (v : enp i)
else return (enp i))
(return []) [0] >>=id)

Notethatthelists obtainedby takingany non-emptyinitial segmentsof theresults
ofdf Fil gandbfFi| g—andthusofdfFil’ gandbfFil’® g— reflectthe
distinctionbetweertheunderlyingdepth-firstandbreadth-firstraversals.

21.3 CORRECTNESS
21.3.1 Categorical Preliminaries

Let C beacateggory andF beanendofunctoion C. An F-algebra is amorphism
h:FA— Ain C. TheobjectA is calledthe carrier of the F-algebra. The F-

algebrador a given functor F arethe objectsof a cateyory calledthe category
of F-algebras anddenotedF-A4lg. In the category of F-algebras,a morphism
fromh:FA— Atog: FB — Bisamorphismf : A— B suchthatthefollowing

diagramcommutes: Ef
FA —FB

hlflg

A ——B

We call sucha morphisman F-algebra morphism If the category of F-algebras
hasaninitial objectthenLambeksLemmaensureshatthisinitial F-algebraisan
isomorphismandthusthatits carrieris afixed pointof F. Initiality ensureghat
the carrierof theinitial F-algebrais actuallya leastfixed pointof F. If it exists,
theleastfixed point for F is uniqueup to isomorphism.Henceforthwe write pF
for theleastfixedpointfor F andin : F(uF) — pF for theinitial F-algebra.
Within the paradigmof initial algebrasemanticsevery datatypeis the carrier
UF of theinitial algebraof asuitableendofunctoiF onasuitablecatgyory C. The
uniqueF-algebramorphismfrom in to ary otherF-algebrah: F A — Ais given
by theinterpretatiorfold of thef ol d combinatorfor theinterpretatioruF of the
datatypemu F. Thefold operatorfor uF thusmakesthefollowing commute:

F(foldh
Fur) 2 o

inl lh
uF foldh

%A



Fromthis diagram we seethatfold hastype (FA— A) — uF — A andthatfold h
satisfiesfold h (int) = h (F (fold h) t). The uniquenes®f the mediatingmap
ensureshat,for every F-algebrah, themapfoldh is defineduniquely

As shawn in [6], the carrierof the initial algebraof anendofunctor on C
canbeseemotonly asthe carrierof theinitial F-algebraput alsoasthelimit of
theforgetful functorUg : F-4lg — C mappingeachF-algebrah: F A — Atoits
carrierA. If G: C — D is afunctor, thenaconet : D — G to the baseG with
vertex D comprisesan objectD of D anda family of morphismsic : D — GC,
onefor every objectC of C, suchthatfor everyarrovg: A— Bin C, 18 = Goo1a

holds.
GA—°-GB

D

We usually refer to a conesimply by its family of morphisms,ratherthanthe
pair comprisingthe vertex togetherwith the family of morphisms. A limit for
G: C — Disanobjectlim G of D andalimiting conev : limG — G, i.e.,acone
v : limG — G with the propertythatif t: D — G is ary cone,thenthereis a
uniqguemorphism® : D — lim G suchthattc =vc o8 forallC e C.

GA—2-GB

B
A VB
A

D—e>limG

Thecharacterizatioof pF aslim Ug providesa principledderivationof thein-
terpretatiorbuild of thebui | d combinatoifor uF whichcomplementshederiva-
tion of its fold operatoifrom standardnitial algebrasemanticgiivenabove. It also
guaranteethe correctnessf the standard ol d/bui | d rules.Indeed theuniver-
salpropertythatthe carrierpF of theinitial F-algebraenjoysaslimUg ensures:

e The projectionfrom thelimit pF to the carrierof eachF-algebradefinesthe
fold operatowith type (FA — A) — uF — A.

e Givenaconed : C — Ug, themediatingmorphismfrom it to thelimiting cone
v : limUg — Ur definesa mapfrom C to limUg. Sincea coneto Ug with
vertex C hastypeVx.(Fx — x) — C — X, thismediatingmorphismdefineshe
build operatomwith type (Vx. (FX — x) - C — X) — C — pF.

e Thecorrectnessf thef ol d/bui | d fusionrule thenfollowsfrom thefactthat
fold afterbuild is a projectionafter a mediatingmorphism,andthusis equal
to the coneappliedto the specificalgebra.Diagrammaticallywe have

A

k
V Tfold k

c buildg WF



21.3.2 Correctnesof thef ol d/super bui | d Rule

To prove correctnessf ourf ol d/super bui | d rule we areactuallyinterestedn
thefollowing variationof the precedingdiagram:
HA
TH(foldk)
c superMilyg(“F)
Here,superhuild is theinterpretationin C of super bui | d. If thefunctorH : D —
E presereslimits —i.e., if, for everyfunctorG: C — 9D andeverylimiting cone
v:1lim G — G, theconeHv : H(lim G) — H o G is alsoalimit, henceforttdenoted
lim (H o G) — thenthisis thediagramfor the universalpropertyof lim (H o Ur).
Thisleadsusto askwhich functorsH preserelimits. It is well-known thatright
adjointspresere limits, but this is a morerestrictve classof functorsthanwe
wouldideally like. Ontheotherhand,H neednt presereall limits, justlim Ug.
A connectedategoryis anon-emptycategory whoseunderlyinggraphis con-
nected. A connectedimit is a limit of a functor whosedomainis a connected
catgory. Thelimit limUg : F-4lg — C is a connectedimit sincethe cate-
gory of F-algebrads connectedthereis a morphismfrom the initial F-algebra
in: F (uUF) — pF to ary otherF-algebra) soknowing thatthefunctorH interpret-
ing thetype constructot in thetype of super bui | d preseresconnectedimits
is sufficientto ensurecorrectnessf thef ol d/super bui | d rule. It iswell-known
that strictly positive functorspresere connectedimits [3, 8]; in particular all
polynomialfunctorspresere them. More generally all functorscreatedby con-
tainerspresere connectedimits [8]. The classof containerdncludesfunctors,
suchasthosewhoseleastfixed pointsarenestedypes,which arenot strictly pos-
itive; the above proof thuscoversmary situationsthatareinterestingin practice.
To prove correctnessf thef ol d/super bui | d rule for functorsH which do not
presenre connectedimits, it shouldbe possibleto give a formal agumentbased
onlogicalrelations[1]. However, a proof baseduponlogical relationswould not
coverexamplessuchsuchasnestedypeswhich presere connectedimits but are
notdefinablein theunderlyingtypetheoryof thelogical relation.

gk

21.3.3 Correctnesofthef ol d/msuper bui | d Rule

To seethatthef ol d/msuper bui | d ruleis correct,we considerthe diagram
M (MA) 2~ MA

TM(fol
(foldk)*

C———=M (UF)

msuperhildg

gk

whereM is the interpretationof min the type of nsuper bui | d, bind andreturn
aretheinterpretation®f the >>= andr et ur n operationgor m respectrely, and
f*x = bindxf. Correctnes®f thef ol d/msuper bui | d rule is exactly commu-
tativity of the diagrams outer parallelogram. The diagrams left-handtriangle



commutedecausd is aninstanceof the previousdiagram,andstandardgroper
tiesof monadsensurehatits right-handsidecommutesaswell. Then

gkc>=id = id*(gkc)

= (id*ogk)c
((fold k)* o msuperhild g) c
= (foldk)*(msuperhild g c)
= msuperhild gc >=fold k

It is worth noting herethat mary monadshat arisein applications— including
the exceptionamonad the statemonad,andthelist monad— presere connected
limits. Thecontinuationsmonad however, doesnot.

21.4 DUALITY

Ourf ol d/super bui | d andf ol d/msuper bui | d rulesdualizeto thecoinductive
setting. Shortageof spacepreventsus from giving the correspondingonstructs
andresultsin detailhere,sowe simply presentheirimplementation\We have

unfold :: Functor f => (a ->f a) ->a -> M f
unfold k x = In (fmap (unfold k) (k x))

superdestroy :: (Functor f, Functor h) =>
(forall a. (a->f a) ->ha->c¢) ->h (M f) ->c
superdestroy g = g unln

superdestroy g . fmap (unfold k) = g k

Whenc is Mu f, super dest r oy returnsan h-algebrawhich storescoalge-
braicf -data.Whenh is acomonadj.e.,aninstanceof the Cononad class

cl ass Conpnad cm where

coreturn :: cma -> a

(=<x) ;. cmb -> (cmb ->a) ->cma

we have

crmsuperdestroy :: (Functor f, Cononad cnm) =>

(forall a. (a->f a) ->cma->c¢) ->cm(Mi f) ->c¢
crsuperdestroy g = g unln

cnsuperdestroy g (x =<< unfold k) = g k (x =<<id)

21.5 RELATED WORK

Thework mostcloselyrelatedto oursis thatof Pardoandhis coauthorsLik e this
paper[14] alsoinvestigategonditionsunderwhichthecompositionof afunction
producingan expressionof type M(uF) for M a monadandF a functor, anda
function fold k of type uF — A canbe fusedto producean expressionof type
MA. But thereare several crucial differenceswith our work. First, Pardouses
unf ol d ratherthannsuper bui | d to constructheintermediatexpressionThis



giveshis fusion rule someadditionallogical generalityover ours,sinceunf ol d
canconstructelementf its associatedunctorf 's final coalgebravhich arenot
in f 'sinitial algebrawhereasvsuper bui | d canconstructonly elementsf f’s
initial algebra But whentheinitial andfinal algebraof eachfunctorcoincide,as
in Haslell, thisaddedogical generalityyieldsno advantagen practice.

Secondly Pardo’s monadichylofusion (and hylofusionin general)is only
known to be correctin algebraicallyjcompactcategories,i.e., catgoriesin which
the initial algebraand final coalgebrafor eachfunctor coincide. By contrast,
our f ol d/super bui I d rule is correctin ary cateyory supportinga parametric
interpretationof f or al | , andthis conditionis independenbf any compactness
condition. The requirementhatthe interpretingcategory be algebraicallycom-
pactis unfortunatesinceit generatestrictnessconditionsthat mustbe satisfied,
andalsorequiresthe underlyingmonadto be strictness-preservingrhis results
in strictnesscondition propagation.By contrast,neitherour f ol d/super bui | d
norourf ol d/nsuper bui | d rulesrequirethe satistctionof sideconditions.

Thirdly, Pardotradesacompositiorof anunf ol d andamonadicf ol d for the
computationof an equivalentfixed point. By contrast,our f ol d/msuper bui | d
rule tradesabind of a call to nsuper bui | d with amonadicf ol d for thebind of
the applicationof the functionargumentto msuper bui | d to thef ol d’s algebra
with the identity function. Like all generalization®f thef ol d/bui | d rule, our
f ol d/msuper bui | d rule requires‘paymentup front” in thatthe producerin a
compositiorto befusedmustbeexpressedn termsof msuper bui | d. (Thisis not
very differentfrom the price paid by expressingconsumersn termsof unf ol d).
But our rule delivers a fusedresult which is simpler than that obtainedusing
Pardo’s technique. In particular the functions obtainedfrom our fusion rules
involve only bindsof applicationsnvolving datastructure‘templates” ratherthan
fixedpoint calculations Their computatioris thusguaranteedo terminate.

Finally, Pardorequiresthe existenceof a distributivity law of the underlying
monadover the underlyingfunctor in orderto constructthe lifting of functors
to the Kleisli category on which his monadichylofusionrule depends.But dis-
tributivity laws for arbitraryfunctors,eventhoseadmittingfixed points,neednot
exist.

Meijer andJeuring[12] alsodevelopa variety of fusionlaws in the monadic
setting,including a short cut fusion law for eliminating intermediatestructures
of type F A in a monadiccontext M. Many fusion methods,including thoseof
both[12] and[14], eliminatedatastructuresn the carriersof initial algebragor
only restrictedclassef functors. By contrast,our methodcan eliminate data
structure®f anyinductive type,andcanhandlenon-monadicontexts aswell. In
addition,Jurgenseri11] andVoigtlander16] have eachdefinedfusioncombina-
torsbasedon the uniquenessf the mapfrom a free monadto any othermonad.
Thesetechniquegive very differentforms of fusionfrom ours.

21.6 CONCLUSION AND DIRECTIONS FOR FUTURE WORK

In this paperwe have defineda super bui | d combinatorwhich generalizeshe
standarcbui | d combinatorandexpressesiniform productionof functorial con-



textscontainingdataof inductivetypes.We have alsoprovedcorrectaf ol d/super
bui | d fusion rule which generalizeghe f ol d/bui | d andf ol d/bui | dp rules
from theliterature,andeliminatesintermediatedatastructureof inductive types
without disturbingthe contexts in which they aresituated.An importantspecial
caseaarisesvhenthiscontextis monadic.Whenit is, ourf ol d/nmsuper bui | d rule
fusescombination®f producer@ndconsumersia monadoperationsratherthan
viacomposition We have givenexamplesllustratingboththef ol d/super bui | d
andf ol d/msuper bui | d rules,andconsideredheir coalgebraicdualsaswell.
The standardf ol d combinatorcan consumedatastructuresin ary context
describableby a functor, but the algebrait usescannotdependon the context
in a non-trivial way. By contrast,context information can be usedby algebras
to partially determinehow the pf ol d combinatorgivenin [2] will consumethe
datastructuresput unfortunatelythe contexts arelimited to pairs. Interestingly
the pf ol d/bui | dp rule given therefor context-dependent ol ds derivesfrom
thef ol d/bui | dp rule from Figure21.2for standard ol ds. As alreadynoted,
it isthef ol d/bui | dp rulethatourf ol d/super bui | d andf ol d/msuper bui | d
rulesgeneralize.Onedirectionfor future work is to generalizeheseruleseven
furtherto accommodatéoth context-dependenélgebrasandnon-paircontexts.
Anotherdirectionfor future work is suggestedby consideringan even more
monadicfusion rule basedon f ol d- andbui | d-like combinatorsvhich manip-
ulatealgebra-lile functionsof typef a -> m a. Sucharule would producein-
termediatedatastructuresising“templates’basen so-calledmonadicalgebras
and,in the presencef a distributivity rule del t a for moverf , would consume
datastructuresusingthemvia a monadicmaf ol d combinator We'd have

mafold :: (Functor f, Monad m => (f a -> ma) -> Muf ->ma
mafold k = fold (\x -> fmap k (delta x) >>= id)

masuperbuild :: (Functor f, Mnad n) =>
(forall a. (f a->ma) ->c ->ma) ->c ->m(M f)
masuperbuild g = g (return . In)

nmasuperbuild ¢ >>= mafold k = g k ¢

Although a datatype-generiaasuper bui | d combinatoris not definedin [12],
severalinstance®f theabovefusionrulearegiven(albeitin monadiado-notation).
Yetno correctnesproofsfor any of thesespecificinstances— let aloneany for-
mulationof, or correctnesgrooffor, a datatype-generitusionrule — aregiven.
We believe anindependenproof of the maf ol d/masuper bui | d rule similar to
thosein Section21.3is possible Althoughit is notentirelyclearhow sucha proof
would go, a prooffor monadswhich presere connectedimits will likely require
independenterificationthatlim (MUg v ) = M(uF) for theforgetful functorUg
mappingeachmonadicalgebrah: Ma — F ato a, anda proof for monadswhich
do not presere connectedimits will likely bebasecdn logical relations.

At first glance,the factsthat maf ol d is definedin termsof f ol d andthat
masuper bui | d g canbeexpresse@snsuperbuild (\k -> g (return . k))
togethersuggesthat the maf ol d/masuper bui | d rule might be derivablefrom



(distributivity and)the f ol d/msuper bui | d rule. However, we believe the two
rulesto offer distinctfusion optionsin the presencef distributivity; it would be
interestingto seewhich is moreusefulfor programshatarisein practice.

A final directionfor future work involvesextendingthe resultsof [9, 10] to
give regularandmonadicsuper bui | ds, aswell asassociatedusion rules, for
adwanceddatatypessuchasnestedypes,GADTs,anddependentypes.
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APPENDIX: A HANGMAN GAME

In this appendixwe give an examplebasedon the gameof hangmarto illustrate
thatthetypeof thedatastructuredeingeliminatedoy thef ol d/super bui | d rule
neednot coincidewith the datatypewith which the combinatorsare associated,
i.e.,thatc in thetypeof super bui | d neednotbeinstantiatedo M f . A similar
exampleappearsn [4], but thereit wasthe rosetreerepresentinghe gamethat
wasbeingeliminated whereadereit is theinductive structurestoredin therose
treethatis eliminated.

In the gameof hangmarthereis anunknavn word which a playeris trying to
guessanda givennumberof livesin which it mustbe guessedAt eachturnthe
playerguesses letter If theletteroccursin theunknovn word thentheplayeris
told whereall occurrencesre,otherwisethe playerlosesalife. Thegameis won
if theplayerguessesll of thelettersin theword, andis lostif the playerlosesall
of their allocatediveswithout guessingheword.

We malke a simplemodelof the gameof hangmanMore refinedmodelsthan
oursexist, but our goalis to demonstratéusionratherthanto make asaccuratea
modelaspossible We modela gameof hangmarasa rosetreeof gamestates.

data Rose a = Node a [Rose a] deriving Show

i nstance Functor Rose where
frap :: (a ->Db) -> Rose a -> Rose b
fmap f (Node x xs) = Node (f x) (map (frmap f) xs)

type GState = [(Char, Bool)]

type Gane = Rose CState

Eachgamestatecomprisesa list of charactetbooleanpairs,with the characters
representinga word over a predeterminedalphabet— representedy a string
constansuchasal phabet = "abcdef ghi j kl mopqgr st uvwxyz" — andthe
booleanvalue Tr ue associatedvith a characteif andonly if thatcharactethas
beenguessedTheoccurrencef mrap ontheright-handsideof thedefinitionin the
lastline of the Funct or instancedeclaratiorfor Rose is thatfor lists, while the
occurrenceof f map is the onebeingdefinedfor rosetrees.The functionguess
belon updates stateaftera charactehasbeenguessedywhile thefunctionover
determinesvhetherthe currentstateindicatesthatthe gameis over.

guess :: Char -> (GState, Int) -> (GState, Int)
guess ¢ ([],n) = ([], n-1)
guess ¢ ((l,s):gs, n) =let (rs, k) = guess ¢ (gs, n)
inif c == then ((1,True):rs, k)
else ((I,s):rs, k)

over :: (Gstate, Int) -> Bool
over (s,n) = n==201]| and (map snd s)

We now turn to our centraltask, namelyconstructingconstructa gametree
for eachgameof hangman. Given an initial stateof a gameand a numberof



livesin which to guesghe specifiedword, we mustconstructherosetreeof new
statesvhich arisedrom returningthatinitial state andthenrepeatedlyprocessing
a characterfrom the alphabetandreturningthe resultingstateuntil the gameis
over. To iteratethegeneratiorof gamestatesve usetheinstanceof super bui | d
for listsin whichh x isRose x. Wehave

nkGanme :: (GState, Int) -> Gane
nkGane = superbuild g

g :: forall a. ((Char, Bool) ->a ->a) ->a ->
(CState, Int) -> Rose a
gcns@lbs, k) =if over s then Node (foldr ¢ n Ibs) []
el se Node (foldr ¢ n |bs)
[g c n (guess x s) | x <- al phabet]

For example thecall
nkGane ([('a, False), ('b’, False), ('c', False)], 2)

/ i\ |
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Oncea gametreehasbeenbuilt usingnkGane we canperformvariousanalyses
of it. For example,we cancomputethe spaceof all possibleresultsin a game
treewith alphabet abc" andtwo livesto live usingacall to rkGane asabove, or
we cancomputethelist of letterswhich have beenguessedt ary pointin sucha
gameusing

a ab ac ab b c

lettersGuessed :: Rose String
lettersGiessed = fmap letters (nkGane
([(a, False),
('b, False),
("c’, False)], 2))

letters :: GState -> String
letters = foldr (\(I,b) Is ->if bthenl:ls elsels) []

Applying thef ol d/super bui | d rule yields the following optimizedversionof
| et t er sGuessed whichdoesnt construcanintermediatestructureof typeGane:

lettersGuessed” =g (\(I,b) Is ->if bthenl:ls else Is) []
([("a, False),
(b, False),
("c', False)], 2)



