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Abstract. We present a modelling framework and computational
paradigm called Colonies of Synchronizing Agents (CSAs), which ab-
stracts intracellular and intercellular mechanisms of biological tissues.
The model is based on a multiset of agents (cells) in a common environ-
ment. Each agent has a local contents, stored in the form of a multiset
of atomic objects, updated by multiset rewriting rules which may act
on individual agents (intracellular action) or synchronize the contents of
pairs of agents (intercellular action). Using tools from formal language
and temporal logic we investigate dynamic properties of CSAs, includ-
ing robustness and safety of synchronization. We also identify classes of
CSAs where such dynamic properties can be algorithmically decided.

1 DMotivations

Inspired by biological tissues and populations of cells, we present and investi-
gate an abstract distributed model of computation which we call Colonies of
Synchronizing Agents (in short, CSAs). Our intention is to create a framework
to model, analyse and simulate complex biological systems in the context of
formal language theory and multiset rewriting.

The model is based on a population of agents (e.g., corresponding to cells or
molecules) in a common environment, able to modify their contents and to syn-
chronize with other agents in the same environment. Each agent has a contents
represented by a multiset of atomic objects (e.g., corresponding to chemical com-
pounds or the characteristics of individual molecules) with some of the objects
classified as terminals (e.g., corresponding to properties or chemicals visible to
an external observer). An agent’s contents may be modified independently of
other agents by means of multiset rewriting rules (called internal rules)® which
can mimic chemistry or other types of intracellular mechanisms. Moreover, the
agents can influence each other by synchronously changing their contents using
pairwise synchronization rules. This models, in a deliberately abstract way, the
various signalling mechanisms and intercellular mechanisms present in biological

1 In [4] internal rules are called evolution rules, adopting a standard terminology from
the P systems area. We prefer here a more general term.



systems. The rules are global, so all agents obey the same rules: the only fea-
ture which may distinguish the agents is their contents. Evolutions of CSAs are
defined as sequences of transitions obtained by applying the rules to the agents.
These transitions thus mark the passage of the system from one configuration
to another.

In this paper we search for classes of CSAs where relevant dynamic properties
can be algorithmically checked. We interpret CSAs as computational devices
and can thus study CSAs by applying tools from classical fields of computer
science, such as formal language, automata theory and temporal logic. For this
reason we define as computations of CSAs the evolutions that reach halting
configurations, i.e. configurations where the contents of the agents can no longer
be changed because no rules may be applied. This situation can be interpreted
as a particular kind of steady state of the system. We are interested in the
configuration of the colony when a halting condition is reached and we may take
the precise contents of the agents as the output (the result) produced by the
CSA. Alternatively, we can use the magnitude of the agents (the total amount
of contents irrespective of composition) in the halting configuration as the result
produced by a CSA.

We can then investigate the robustness of CSAs by considering the ability
of a CSA to generate a particular core result despite the failure (i.e., removal)
of some of the agents or rules. The core result can be seen as a specific config-
uration in which the colony must be when the system halts. We show that for
an arbitrary CSA, robustness cannot be algorithmically decided when the core
result is represented by specific contents of agents, while it can be algorithmi-
cally decided in an efficient way when the core result is represented by agents’
magnitudes.

In Section 3 we are interested in dynamic properties concerning the appli-
cation of the rules. To check these properties we propose a decidable temporal
logic. We show that the proposed logic can be used to specify and check whether
or not, during any evolution of a CSA, an agent can apply a synchronization
whenever it needs (if it can we say that the agent is safe on synchronization).
We conclude the present section by comparing our model with other models
based on abstractions of cell tissues which use rewriting and multisets.

The introduced model of Colonies of Synchronizing Agents has similarities
and significant differences with other models inspired by cell tissues investigated,
for instance, in the area of membrane computing (a.k.a. P systems, [14]). Specif-
ically, it can be considered a generalization of P colonies [10], which is also based
on interacting agents but has agents with limited contents (two objects) which
change by means of restricted rewriting rules. Moreover, in P colonies no direct
communication between agents is allowed.

Our model also has similarities with population P systems [2], which is a
class of tissue P systems [12] where links may exist between agents and these can
be modified by means of a set of bond making rules. The main differences with
population P systems is that in our case agents do not have types; rules are global
and only the agents’ contents differentiate them. This latter characteristic makes



CSAa similar to the model of self-assembly of graphs presented in [1], however
in that case; (¢) a graph is constructed from an initial seed using multiset-based
aggregation rules to enlarge the structure, (iz) there is no internal rewriting of
the agent’s contents and (#i¢) there is no synchronization between the agents.

Another computational formalism widely used to simulate and model bio-
logical tissues is cellular automata (CAs, e.g., see [19]). In particular, CAs have
been used to model the immune systems (e.g., [13]). In CAs, cells exist on a
regular grid, where each cell has a finite number of possible states and where
cells react to or with a defined neighbourhood. In our model, because of the
multiset-based contents and because of the arbitrary multiset rewriting rules,
the possible different states of a cell may be infinite. Although the initial defi-
nition of CSAs does not include an explicit description of space, the extensions
we propose include agents located at arbitrary positions and with the potential
to interact with any other agent in the colony.

A specific limitation of cellular automata that use synchronous update is that
many such models are computational complete (i.e., equivalent to Turing ma-
chines [19]), even when employing simple rules (e.g., rule 110, [19]). This makes
it impossible to algorithmically analyse such systems. Precisely, non-trivial prob-
lems are undecidable for Turing machines.

In what follows we suppose the reader is familiar with the basic notions
of formal language theory and such concepts as Parikh images, length sets of
languages, multiset rewriting and regulated rewriting (e.g., matrix grammars).
An Appendiz with all the notions needed in the paper is provided, complete
with references to further reading. In what immediately follows we define some
notations.

We denote by |A| the cardinality of set A and by () the empty set. By V* we
denote the set of all strings over V. By VT we denote the set of all strings over
V excluding the empty string. The empty string is denoted by A. The length of a
string v is denoted by |v|. The concatenation of two strings u,v € V* is written
uv. The number of occurrences of the symbol a in the string w is denoted by
|wl],. We denote by N the set of natural numbers and use standard set operations
union, intersection and inclusion denoted by U, N and C, respectively.

Given a grammar G we denote by L(G) the language generated/produced
by G.

We denote by REG the families of regular languages (i.e., generated by reg-
ular grammars and accepted by finite state automata) and by M AT the families
of languages generated by matrix grammars without appearance checking (a.c.).

We denote by NL the length set of language L.

The Parikh vector (also called Parikh image) associated to a string x, with
respect to an alphabet V, is denoted by Psy (x). We then denote by Psy (L) the
Parikh image of L, with respect to the alphabet V.

Then we denote by N REG the family of length sets of regular languages and
by PsREG and PsREGYy the family of Parikh images of regular languages and
of regular languages over the alphabet V, respectively.



Given a multiset M, we denote by M(a) the multiplicity (i.e., number of
occurrences) of the symbol a in the multiset M. We denote by card(M) the
cardinality of the multiset M. For multisets M and M’ we write (M C M’) to
denote that M is included in M’. The sum of multisets M and M’ is written
as the multiset (M + M’) and the difference between M and M’ is written as
(M — M"). We denote by M(V) the set of all possible multisets over V" and by
M., (V') the set all multisets over V' having cardinality m. Notice that V' could
itself be the set of all possible multisets over an alphabet A, e.g., M(M(A)).

2 Colonies of Synchronizing Agents

In this section we formalize the notions of colonies discussed in the Introduction.
A Colony of Synchronizing Agents (a CSA) of degree m is a construct IT =
(A, T,C,R).

e A is a finite alphabet of symbols (its elements are called objects). T C A is the
set of terminal objects.

e An agent over A is a multiset over the alphabet A (an agent can be represented
by a string w € A*, since A is finite). C' is the initial configuration of II and it
is a multiset of agents, with card(C) = m. ?

e R is a finite set of rules over A. We have internal rules of type u — v, with
u € AT and v € A*, and synchronization rules of the type (u,v) — (u/,v") with
wv € AT and v/, 0" € A*.

An occurrence v of an internal rule 7 : u — v can be applied to an agent w by
taking a multiset u from w (hence, u C w) and assigning it to v (i.e., assigning
the occurrences of the objects in u to 7). The application of an occurrence of
rule r to the agent w consists of removing from w the multiset v and then adding
the multiset v to the resulting multiset.

An occurrence v of a synchronization rule r : (u,v) — (u’,v’) can be applied
to the pair of agents w and w’ by: (¢) taking from w a multiset u (hence, u C w)
and assigning it to v; (ii) taking from w’ a multiset v (hence, v C w’) and
assigning it to . The application of an occurrence of rule r to the agents w and
w’ consists of: (¢) removing the multiset u from w and then adding the multiset
u’ to the resulting multiset; (i) removing the multiset v from w’ and then adding
the multiset v’ to the resulting multiset.

We assume the existence of a global clock which marks the passage of units
of time for all agents present in the colony.

A configuration of a CSA, II, consists of the agents present in the colony
at a given time. We denote by C(IT) the set of all possible configurations of II.
Therefore, using the notation introduced in Section 1, C(II) is exactly M(H)
with H = M(A).

2 Formally, C is a multiset of degree m over the set of all possible agents over A.
Hence, C' € M,, (M(A)).



A single asynchronous transition (in short, asyn-transition) 3 of IT from an
arbitrary configuration ¢ of II to the next one lasts exactly one time unit and
is obtained by applying the rules in the set R to the agents present in ¢ in an
asynchronous way. This means that, for each agent w and each pair of agents w’
and w” present in ¢, the occurrences of the objects of w,w’ and w” are either
assigned to occurrences of the rules, with the occurrences of the objects and the
occurrences of the rules chosen in a non-deterministic way, or left unassigned.
A single occurrence of an object may only be assigned to a single occurrence of
a rule. In other words, in an asyn-transition any number of occurrences of rules
(zero, one, or more) can be applied to the agents in the configuration c.

A sequence (possibly infinite) (Co, C1, -+, C;i, Cit1,---) of configurations of
11, where C;;1 is obtained from C;, ¢ > 0, by an asyn-transition is called an
asyn-evolution of II. An asyn-evolution of IT is said to be halting if it halts, that
is if it is finite and the last configuration of the sequence is a halting configuration,
i.e., a configuration containing only agents for which no occurrences of rules from
R can be applied.

An asyn-evolution of II that is halting and that starts with the initial con-
figuration of IT is called an asyn-computation of II. The result/output of an
asyn-computation is the set of vectors of natural numbers, one vector for each
agent w present in the halting configuration with the vector describing the mul-
tiplicities of terminal objects present in w. More formally, the result of an asyn-
computation which stops in the halting configuration C}, is the set of vectors of
natural numbers {Psy(w) | w is an agent present in Cy }.

Because of the non-determinism in applying the rules, several possible asyn-
computations of IT may exist. Taking the union of all the results for all possible
asyn-computations of IT, we get the set of vectors generated by II, denoted by
Ps7?V"(I).

We may also consider the total number of objects comprising the agent (the
agent’s magnitude), without considering the internal composition. In this case
the result of an asyn-computation is the set of natural numbers, one number for
each agent w present in the halting configuration and each number being the
length of w. More formally, in this case the result of an asyn-computation that
stops in the halting configuration C}, is then the set of numbers {|w| | w is an
agent present in Cj}. Again, taking the union of all the results for all possible
asyn-computations of IT, we get the set of numbers generated by II, denoted by
Nasyn(H).

Example 1. A CSA with degree 3 is defined by the following.

II = (A T,C,R) with A = {a,b,c}, T = {a}, C = {(abcba, 1), (abbec, 1),
(bab, 1)} = {abcba, abbee, bab}.

The rules R = {ry : abca — ba, 14 : {(abc, cc) — {(aa,cb)}.

The application of an occurrence of internal rule r; to the agent abcba in the
configuration C' is shown diagrammatically in Figure 1(a).

3 We specify asyn-transitions to distinguish them from the synchronous maximal par-
allel transitions often adopted in models coming from P systems and cellular au-
tomata.



Configuration C Configuration C

ab ab

application of r1: application of r2:
{abca} — {ba} (fabcl.{c.ch) — ({aal.{cb})

D @

(a) Internal rule r; applied to C' | (b) Synchronization rule ry applied to C

Fig. 1. Alternative application of rules 71 and 72 to configuration C from Example 1.

The application of an occurrence of the synchronization rule ro to the pair
of agents abcba and abbce in the configuration C' is shown diagrammatically in
Figure 1(b).

A more complex example of part of an asynchronous evolution is presented
in Figure 2(a): IT"' = (A, T’,C’, R') with the initial configuration C’ = {(ac, 2),
(a,1)} and rules R’ = {ac — aa, a — b, {aa,aa) — {(ab,ab), {ab,d) — (bb,d),
b— d}.

In the next Example we show how the output/result produced by a CSA is
obtained.

Ezample 2. Consider a CSA IT = (A,T,C,R) with A = {a,b,¢c,d,e, f}, T =
{e, f}, C ={(ab, 1), (be,1),(bd, 1), (a,1)}. The rules in R are
{ry : {ab,bc) — (effyeff),ra: {abbd) — (eff,eff)}.

There are only two possible asynchronous computations of II and these are
represented diagrammatically in Figure 2(b).

We have that Ps3V"(IT) = {(1,2),0}.

In fact, we have two possible halting configurations (for the two computa-
tions).

In the first halting configuration we have the agent (in two copies) ef f whose
associated Parikh vector (with respect to T') is (1,2) and the agents bd and a,
whose associated Parikh vectors (with respect to T') are null vectors 0 (these
agents do not contain any terminal object from T'). Then the result of this
computation is the set of vectors {(1,2), (1,2),0,0} = {(1,2),0} with each vector
describing the multiplicities of the terminal objects in the agents in the halting
configuration.

In the second halting configuration we have the agent (in two copies) ef f
whose associated Parikh vector (with respect to T) is (1, 2) and the agents bec and



Rules:

r: {a,c} - {a,a}

e e r2: {a} - {b}
3. ({a,a},{a,a}) — ({a,b},{a,b})
ra: ({a,b},{d}) > ({b,b}.{d})

@ r5: {b} - {d}
O,
Configuration C
r1 application of r2:
\ ({a,b}.{b,d}) - ({e.ff}.{eff})
~
s O
1application of r1:
@ (fab}.beh) - (feff.{eff)
~

(a) Asynchronous evolutions of IT" of (b) The two possible asynchronous
Example 1 computations of IT of Example 2

® 0O
OO,

® O
©J26)

Fig. 2. Asynchronous evolutions and computations.

a, whose associated Parikh vectors (with respect to T') are null vectors. Then,
also in this case, the result of the computation is the set of vectors {(1,2),0}

Taking the union of the results for the (two) possible computations we get
Psg™ (IT) = {(1,2), 0} U {(1,2), 0} = {(1,2), 0}.

We can also collect the result in terms of magnitude (size) of the agents
present in the halting configurations, thus collecting N%¥"(IT). In this case we
obtain N¥"(IT) = {3,2,1}. In fact, in the two halting configurations we have
agents of size 3,2 and 1 (counting their objects). Then for both computations
the result is the set of numbers {3,3,2,1} = {3,2,1} with each number being
the magnitude of an agent in the halting configuration.

Taking the union of the results for the (two) possible computations we obtain
Neswn(IT) = {3,2,1} U {3,2,1} = {3,2,1}.

3 Dynamic properties of CSAs

The goal of this Section is to investigate dynamic properties of CSAs, in par-
ticular robustness and safety on synchronization. We try to individuate classes
of CSAs where such properties can be checked with algorithms and for this we



employ tools from formal language theory and from temporal logic. Because of
lack of space we omit the proofs, however complete proofs of all the results can
be found in the technical report [4].

3.1 Robustness of CSAs

Before investigating robustness of CSAs we state the result that CSAs are equiv-
alent (in terms of Parikh images) to matrix grammars without a.c. (hence to
partially blind counter machines, [8]). The proof of this can be found in [4]
(Theorem 8).

Theorem 1. For an arbitrary CSA, II, with terminal alphabet T, there ex-
ists a matriz grammar without a.c., G, with terminal alphabet T such that
Psy?¥"(II) = Psp(L(G)) and vice versa.

We are now ready to define and to investigate robustness of CSAs against
perturbations of some of the features of the colony. For this purpose we use
a similar idea of robustness as employed in [11] in the framework of grammar
systems, adapted here to the proposed CSAs. We want to investigate situations
where either some of the agents (i.e., cells) or some of the rules (i.e., intra
or intercellular actions) of the colony do not function. We would like to know
the consequences to the result of the colony. We will investigate CSAs that are
robust, e.g. where the produced result does not change critically if one or more
agents cease to exist in the colony or if one or more rules stop working. As
discussed in the Motivations, this can model the fact that CSAs always stop in
a “correct steady state”, independently of agents or rules failure.

We can formalize these notions in the following way.

Let IT = (A, T, C, R) be an arbitrary CSA.

We say that I’ is an agent-restriction of IT if IT' = (A, T, C', R) with C' C C.
I’ is a CSA where some of the agents originally present in IT no longer work,
i.e., as though they are absent from the colony.

We consider a rule-restriction of II obtained by removing some or possibly
all of the rules. Then, IT' = (A, T,C, R’) is a rule-restriction of II if R" C R. In
this case some of the rules do not work, as if, once again, they are absent from
the colony.

We say that a CSA, II, is robust when a core result, i.e., the minimally ac-
ceptable result, is preserved when considering proper restrictions of it. Formally,
by a core result of IT we mean part of the result produced by II, hence a subset
of the set of vectors generated by II. We define these subsets by making an
intersection with a regular set of vectors taken from PsREG. The intersection
selects the regular property of the core result we are interested in. Note that the
core result may be infinite.

Questions about robustness can then be formalized as follows.

Consider an arbitrary CSA, I1, an arbitrary agent- or rule - restriction IT’ of
II and an arbitrary set S from PsREG. Is it possible to check whether or not
Ps*¥(IT)N S C Ps*¥™(II'), i.e., whether IT is robust against the restriction



II’ in the sense that IT" will continue to generate at least the core result defined
by the intersection of Ps®*¥"(IT) and S)?

Ezample 8. We produce a small example that clarifies the introduced notion
of robustness in the case of agent-restriction, considering as core result specific
contents of the agents (the other cases are similar).

Consider IT given in Example 2. Suppose we fix as core result the set of
vectors {(1,2)}, where it can be clearly obtained by intersection of Psg>" (II)
and {(1,2)}. IT is robust when an occurrence of agent bc is deleted from its initial
configuration. In fact, if we consider II' = (A,T,C’,R) with C" = {(ab, 1),
(bd,1), (a,1)} we have that Ps7’¥"(II") = {(1,2),0}, which still contains the
defined core result. The single computation of I’ is represented in Figure 3(a).

Configuration C'

© ©

application of r2:
({a,b},{b,d}) > ({e.ff}.{e.ff})
Configuration C"

© © © ©

(a) II': agent bc removed from C | (b) IT”: agent ab removed from C

Fig. 3. The robustness and lack of robustness of (a) II’ and (b) IT" from Example 3
when agents bc and ab, respectively, are removed from C'.

On the other hand, IT is not robust when an occurrence of ab is deleted
from its initial configuration. In fact, if we consider IT” = (A,T,C"”, R) with
C" = {(bd, 1), (be,1), (a,1)} we have that Ps7’¥"(II"”) = {0}, which does not
contain the core result. The single computation of IT”, i.e., the one halting in
the initial configuration (no rule can be applied), is represented in Figure 3(b).

We now analyse the case of agent-restrictions, producing a negative result.

Theorem 2. [t is undecidable whether or not for an arbitrary CSA, II, with
arbitrary terminal alphabet T', arbitrary agent restriction II' of II and arbitrary
set S from PsREGy, Psy??"(II)N S C Psy?¥"(II').

The proof of the above Theorem is based on Theorem 1 and that, given two
arbitrary matrix grammars without a.c. M and M’, it is undecidable whether
or not L(M) C L(M') (see, e.g., [5], [7] and [8]).



Informally, Theorem 2 says that there is no algorithm to check whether or not
a CSA is robust against arbitrary deletion of agents from the initial configuration.
This result depends critically on the fact that the core result corresponds to a
specific internal contents that the agents must have in the halting configurations.
In fact, when we consider weaker core results we can get a positive result. For
instance, suppose we take as core result a specific magnitude that the agents
must have in the halting configurations. This means that we collect, for a CSA
IT the set of numbers N@¥"(IT). In this case the robustness problem can be
rephrased in the following manner.

Consider an arbitrary CSA, I1, with an arbitrary agent- or rule-restriction I’
of IT and an arbitrary set S from NREG. Is it possible to decide whether or not
Nesyn([TYN S C N*¥™([I'), i.e., whether IT is robust against the restriction IT’
such that IT’ can still generate at least the core result defined by the intersection
Nesy™(JT)NS? Based on the fact that every language over a one letter alphabet
produced by a matrix grammar without a.c. is regular (see [5]), on the equality
of Theorem 1 we obtain the following corollary.

Corollary 1. For an arbitrary CSA, II, there exists a reqular language L such
that N*¥"(IT) = NL and vice versa.

Because containment of regular languages is algorithmically decidable (see,
e.g., [9]), we obtain the following result.

Theorem 3. It is decidable whether or not, for an arbitrary CSA, II, arbitrary
agent restriction II' of II and arbitrary set S from NREG, N*¥"(II)N S C
Nasyn (H/> )

Informally, the above result says that it is possible to check in an efficient
way whether or not a CSA is robust against arbitrary deletion of agents, subject
to the core result being defined in terms of magnitudes of agents.

We can also investigate the case when rule-restrictions are considered and we
obtain similar results. With a similar idea to that of Theorem 2, we obtain the
following negative result.

Theorem 4. It is undecidable whether or not, for an arbitrary CSA, II, with
arbitrary terminal alphabet T, arbitrary rule restriction II' of IT and arbitrary
set S from PsREGy, Psy??"(II)N S C Psy?¥"(II').

However, using the same ideas as those in Theorem 3 we get a positive result.

Theorem 5. [t is decidable whether or not, for an arbitrary CSA, II, arbitrary
rule restriction II' of IT and arbitrary set S from NREG, N(II)nS C N(II').

Note, however, that even if robustness against rule absence is in many cases
undecidable, it is still possible to decide whether a rule (internal or synchroniza-
tion) is used or not by a CSA. So, if a rule is not used we can remove it and the
colony will be robust against such deletion.



Theorem 6. [t is decidable whether or not, for an arbitrary CSA, II =
(A,C,T,R), and an arbitrary rule r from R, there exists at least one asyn-
chronous computation for II containing at least one configuration obtained by
applying at least one occurrence of rule r.

The proof uses Theorem 1 and the fact that membership and emptiness for
matrix grammars without a.c. can be algorithmically decided ([5]).

3.2 A Computational Tree Logic for CSAs

In this Section we move on to investigate dynamic properties concerning evo-
lutions of CSAs and for this purpose we introduce a computational tree logic
(CTL temporal logic). In particular in the final part of this section we show how
to specify, in the proposed logic, a property concerning the safety of synchro-
nizing rules. Temporal logics [16, 18] are the most used logics in model-checking
analysis: efficient algorithms and tools having already been developed for them,
e.g. NuSMV [20]. They are devised with operators for expressing and quanti-
fying on possible evolutions or configurations of systems. For instance, for an
arbitrary system it is possible to specify properties such as ‘for any possible evo-
lution, ¢ is fulfilled’, ‘there exists an evolution such that ¢ is not true’, ‘in the
next state ¢ will be satisfied’, ‘eventually ¢ will be satisfied’ and ‘¢ happens until
¥ is satisfied’, with ¢ and 1 properties of the system. We use these operators to
formally specify and verify complex properties of CSAs, such as ‘the agent will
always eventually reach a certain configuration’, or ‘rule r is not applicable until
rule v’ is used’, etc.

In what follows we denote by CSAAT-E the class of all CSAs having the
alphabet A, terminal alphabet T, set of rules R over A and degree m. By an
arbitrary class CSAA TR we mean the class of all CSAs having A, T, R and m
arbitrarily chosen.

Definition 1 (Preconditions). Let A be an arbitrary alphabet and R an ar-
bitrary set of rules over A. We define prec : R — M(M(A)) by
e if r € R is the internal rule u — v then prec(r) = {(u,1)}.
e if r € R is a synchronization rule (u,v) — (u',v’) then prec(r) = {(u,1)} +
(1)},

We define prec(R) = . prec(r).

We now extend the definition of asyn-evolutions for a given CSA by intro-
ducing the asyn-complete evolutions for arbitrary classes of CSAs.

Definition 2 (asyn-complete evolutions). Given an arbitrary class C =
CSAATR g sequence of OSAs (Ily, ITy, Ilo, ... II;,...) with IT; = (A, T,C;, R) €
CSAATE i >0, is called an asyn-complete evolution in C starting at Iy if
(Co,C1,C4,...Cy,...), i >0, is a halting or an infinite asyn-evolution of Ily.

We denote by Eg*Y" (Ily) the set of all asyn-complete evolutions in C starting
at Ho.



Let e = (I, Iy, ..., II;, II;11,...) be an arbitrary asyn-complete evolution
in C starting in Ily. We call (II;, II;11,...), i > 0, an i-suffiv evolution* of e
and we denote it by e;.

Further, we introduce the language of the temporal logic L that contains
configuration formulas for expressing properties of configurations of CSAs and
evolution formulas for expressing dynamic properties of CSAs.

Definition 3 (Syntax of L¢). Let C = CSAATE be an arbitrary class.
The set AP(C) is defined by:

e T € AP(C).

o prec(R) C AP(C).

o if wy,wa,...w; € prec(R)U{T}, i <m, then w1 & ... B w; € AP(C).
We call the elements of AP(C) atomic formulas of the logic L.
We define the configuration formulas of L¢ and the evolution formulas of L¢ in
the following way.

e any atomic formula of L¢ is a configuration formula of L.

e if ¢, are configuration formulas of Lc then —¢ and ¢ A\ are configuration
formulas of Lc¢.

o if ¢ is an evolution formula of Le then E¢ is a configuration formula of
Lec.

o if ¢, are configuration formulas of Lc then X ¢ and U are evolution
formulas of Lc.

The configuration formulas and evolution formulas of Lc form the language
of £c.

The meanings of T, -, A are those from classical logic. In addition we have
the temporal operators: E'¢ that expresses an existential quantification on evolu-
tions, X ¢ which means “at the next configuration ¢ is satisfied” and ¢U1 which
means “¢ is satisfied until ¢ is satisfied”. In what follows, the properties we can
express by using these operators are checked for some models called temporal
structures.

Definition 4 (Temporal structures). Given an arbitrary class
C=CSALTE we define the structure T3°V" = (S,R), as follows:

oS g C such that, ZfHO S S then {Hl, HQ, e | <H07H1, HQ, . > S Egsyn(no)}
cs.
o R C SXS such that (I, II3) € R iff there exists (I, I, . ..) € Eg*Y"(II).
We call T;*Y" a temporal structure in C.

Definition 5 (CSA-Semantics). Let C = CSALT R be an arbitrary class and
727" = (S,R) a temporal structure in C. For an arbitrary II € S, an arbitrary
e € EZ™"(II) and an arbitrary formula ¢ from the language of L, we define,
coinductively, the satisfiability relations T5°Y", II |= ¢ and 15", e = ¢ by:
T2V I =T always.

4 Observe that for an arbitrary asyn-complete evolution e in C, for each i > 0, e; is
also an asyn-complete evolution in C.



7" = w for w € prec(R) iff O = {(w',1)} and w C w'.

TV I = wy @ wa & ... B w; for wy € prec(R)U{T} 1< j<iiff Cp=
Ci+Co+...4Ciandw; CC; forw; #T,1<j<i.

T I = ¢ A iff T2 0T = ¢ and TGV 1T = 4,

%asynaH ): _|¢ iﬁr]‘cas?J"’H b& ¢

T2V IT |= E¢ iff there exists e € Eg°Y" (IT) such that T;™" e = ¢.

727" e = T always.

,]-casyn’ ek ¢ iﬁ’]'casyn, Il = ¢, withe € E‘Clsyn(H) and ¢ a configuration formula
,Tcasyn’e ': ¢/\w iﬁtrcasyn,e ': ¢ and zTCaSyTL76 ): w

%asyn’e ': qu iﬁ%asyn,e l# (b

727" e |= oUW iff there exists i > 0 such that T3°",e; =1 and for all j <
7—Casyn’€j ': ¢

T e X iff TEV o1 6.

Definition 6 (Validity and satisfiability). A configuration formula ¢ (evolu-
tion formula ¢) from Le is valid iff for every temporal structure 75" = (S, R)
in C and any II € S (any e € EG™"(II), resp.) we have 13" Il = ¢
(157" e |= ¢, resp.). A configuration formula ¢ (evolution formula ¢) is sat-
isfiable iff there exists a temporal structure 1" = (S,R) and a I € S (an
e € EZ*V"(ID), resp.) such that T2°" II |= ¢ (157", e |= ¢, resp.).

Definition 7 (Derived formulas). We define the following derived formulas
for Le.
A¢p = —E—¢. F¢=TU¢. Gp = —-F-o.

The semantics of the derived formulas is the following.

7.7V 11 |= A iff for any e € EZ°Y"(IT) we have 7", e = ¢.

75" e |= F¢ iff there exists ¢ > 0 such that 7;°Y", ¢; |= ¢.

727" e = G¢ iff for any i > 0 we have 7;°Y" e, |= ¢.

A¢ is a universal quantification on evolutions. F'¢ means “eventually ¢ is
satisfied” (i.e., F'¢ is satisfied by an evolution that contains at least one config-
uration that has the property ¢). G¢ means “globally ¢ is satisfied” (i.e., G¢ is
satisfied by an evolution that contains only configurations satisfying ¢).

Theorem 7 (Decidability). Given an arbitrary class C = CSAATE the
satisfiability, validity and model-checking problems for Le¢ against the CSA-
semantics are decidable.

The proof of the above result is based on the fact that AP(C), the set of atomic
formulas, is a finite set.

Example 4. To show the potential of the introduced logic we give a small example
of properties that can be specified. We pose the question whether or not, during
an evolution, an agent can always synchronize when it is ready to do so.

In other words, given an arbitrary CSA, I1, and an arbitrary rule r : (u,v) —
(u',v"y we would like to check whether or not it is true that: if during an asyn-
evolution of IT, a configuration with an agent w; with v C w; is reached, then



in the same configuration there is also an agent ws with v C ws (i.e., then an
occurrence of rule r can actually be applied to the pair of agents). If this is
true we say that IT is safe on synchronization of rule r. As discussed in the
Motivations, this can model, in an abstract way, the fact that a cell can always
“use” an intercellular action when it needs.

This property can be expressed in the proposed temporal logic by the follow-
ing formula.

AG(ud T) = (udvdT)).

Taking a CSA Il from an arbitrary class of CSAs C, if we consider the intro-
duced CSA semantics we have that:

I Iy E AG(u@ T) — (udv@T))

iff for any e € EZ*" (1) we have ;""" e = G(u® T) — (udv® T))

iff for any e = (Ily, II4,...II;,...) € EZ°Y"(Ily) and any i > 0 we have

TV ILEuWeT)— (udveT).
This means that if any configuration present in an asyn-evolution of Il satisfies
u @ T then it will also satisfy u ®v & T.

In fact, we know that 7;"Y" II; = u @ T iff O, = C1 +Cs and u C C, ie.,
the configuration of II; contains an agent wy such that v C w;.
And, similarly, 72", IT; = u®vd T iff Cpp, = C{+C5+C% and u C Cf, v C C5.
That is, the configuration of IT; contains two agents w)] and w} such that u C w]
and v C w}, exactly indicating that the CSA Il is safe on synchronization of
rule 7 : (u,v) — (u',v).

4 Prospects

In this paper we have defined a basic model of Colonies of Synchronizing Agents,
however several enhancements to this are already in prospect. Primary among
these is the addition of space to the colony. Precisely, each agent will have a
triple of co-ordinates corresponding to its position in Fuclidean space and the
rules will be similarly endowed with the ability to modify an agent’s position. A
further extension of this idea is to give each agent an orientation, i.e. a rotation
relative to the spatial axes, which may also be modified by the application of
rules.

The idea is to make the application of a rule dependent on either an absolute
position (thus directly simulating a chemical gradient) or on the relative distance
between agents in the case of synchronization. Moreover, in the case of the
application of a synchronization rule, the ensuing translation and rotation of the
two agents may be defined relative to each other. In this way it will be possible
to simulate reaction-diffusion effects, movement and local environments.

Some additional biologically-inspired primitives are also planned, such as
agent division (one agent becomes two) and agent death (deletion from the
colony). These primitives can simulate, for example, the effects of mitosis, apop-
tosis and morphogenesis. In combination with the existing primitives, it will be
possible (and is planned) to model, for example, many aspects of the complex
multi-scale behaviour of the immune system.



With the addition of the features just mentioned, it will also be interesting
to extend the investigation and proofs given above to identify further classes of
CSAs demonstrating robustness and having decidable properties. It is hoped that
this approach will then provide insight in challenging areas of systems biology.
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5 Appendix: Elements of Formal Languages
Theory

This Section is a brief introduction to some basic notions of formal language
theory needed in the paper. Further information regarding formal language and
automata theory is available from the many monographs in this area, starting
with [9, 3] and ending with the handbook [17].

Given the set A we denote by |A| its cardinality and by @) the empty set. We
denote by N the set of natural numbers.

An alphabet V is a finite set of symbols. By V* we denote the set of all strings
over V. By VT we denote the set of all strings over V excluding the empty string.
The empty string is denoted by A. The length of a string v is denoted by |v|. The
concatenation of two strings u,v € V* is written wv. The number of occurrences
of the symbol a in the string w is denoted by |w],.

Each subset of V* is called a language.

The boolean operations (with languages) of union and intersection are de-
noted U and N, respectively. Concatenation of the languages L1, Lo is L1Lo =
{zy|x € L1,y € Lo}.

5.1 Generative Grammars

A generative grammar is a finite device generating in a well-specified sense the
strings of a language. Chomsky grammars are particular cases of rewriting sys-
tems where the operation used in processing the strings is the rewriting (replace-
ment of a substring of the processed string by another substring). A (Chomsky)
grammar is a quadruple G = (N, T, S, P) where N and T are disjoint alphabets,
N being a set of non-terminals and 7" a set of terminals, S is the axiom and P
is a finite set of productions (rewriting rules). A production is usually written in
the form 7 : u — v with u € (N UT)* with u containing at least a non-terminal
(so, it cannot be the empty string).

For z,y € (NUT)* we write x = y iff x = zjuxe,y = x1vzs for some
1,22 € (NUT)* and v — v € P. One says that x directly derives y. The
language generated by G denoted by L(G) is defined by L(G) = {z € T* |
S =* x}, where =>* denotes the reflexive and transitive closure of =>. So
the language L(G) consists of all terminal strings that can be obtained starting
from S by applying iteratively the productions in P.

A grammar is called regular if each production is of the form a — v with
a € N andv € TUTNU{A}. A grammar is called context-free if each production
is of the form a — v with a € N.

Languages generated by context-free and regular grammars are called context-
free and regular languages, respectively. We denote by CF and REG the families
of context-free and regular languages, respectively. Regular languages are those
accepted by finite state automata.

In general, when we want to specify a terminal alphabet we add a subscript
to the name of the family; e.g., REG 4 is the family of all regular languages over
the alphabet A.



5.2 Matrix Grammars

A matrix grammar without appearance checking is a devices with matrices of
context-free productions and where productions are applied according to the
order given in the chosen matrix (for details see [5]).

Formally, a matriz grammar without appearance checking (in short, without
a.c.) is a construct G = (N,T,S, M), where N and T are disjoint alphabets
of non-terminal and terminal symbols, S € N is the axiom, M is a finite set
of matrices which are sequences of context-free productions of the form (4; —
X1y Ap — xp), n>1 (with A; € Nyz; € (NUT)* in all cases).

For w,z € (NUT)* we write w = z if there is a matrix (A; — z1,... 4, —
Zp) in M and strings w; € (NUT)*, 1 <i < n-+1, such that w = w1,z = w, +1
and, for all 1 <i < n, w;, = wiA;w}, w11 = wiz;w!, for some w}, w) € (NUT)*.
The reflexive and transitive closure of = is denoted by =*. Then the language
generated by G is L(G) = {w € T* | S =* w}.

In other words, the language L(G) is composed of all the strings of termi-
nal symbols that can be obtained starting from S and applying iteratively the
matrices in M.

5.3 Length Sets

For a language L C V*, the set length(L) = {|z| |z € L}} is called the length
set of L, denoted by NL.

If FL is an arbitrary family of languages then we denote by NV F' L the family
of length sets of languages in F'L (i.e., it is a family of sets of natural numbers).
For instance, N REG is the family of length sets of regular languages.

5.4 Parikh Images

The Parikh vector associated with a string x € V* with respect to the alphabet
V ={a1,a2,...,an} is Psy(z) = (|Z|ays |%lags - - -5 |%]a, ). For L C V* we define
Psy (L) = {Psy(z)|r € L}. This is called the Parikh image of the language L.

If FL is an arbitrary family of languages then we denote by PsF L the family
of Parikh images of languages in F'L (i.e., it is a family of sets of vectors of natural
numbers).

For instance, PsREG is the family of Parikh images of regular languages in
REG.

For instance, V = {a,b,c} is an alphabet, + = aaabbbcaa = a*b*ca® is a
string over V, L = {a™" | n > 1} is a language over V. We have |z| = 9,
|x|a = 5, length(L) = {2n | n > 1}. The Parikh vector of 2 with respect to V is
Psy(xz) = (5,3,1) and for the language L we have Psy (L) = {(n,n,0) | n > 1}.

5.5 Multisets

A multiset is a set where each element may have a multiplicity. Formally, a
multiset over a set V is a map M : V — N, where M (a) denotes the multiplicity



(i.e., number of occurrences) of the symbol a € V' in the multiset M. Note that
the set V' can be infinite.

For instance M = {a,b,b, b}, also written as {(a, 1), (b,3)}, is a multiset with
M(a) =1 and M(b) = 3.

For multisets M and M’ over V, we say that M is included in M' (M C M')
if M(a) < M'(a) for all a« € V. Every multiset includes the empty multiset,
defined as M where M(a) =0 for all a € V.

The sum of multisets M and M’ over V' is written as the multiset (M + M’),
defined by (M + M')(a) = M(a) + M'(a) for all a € V. The difference between
M and M’ is written as (M — M’) and defined by (M —M’)(a) = maz{0, M (a)—
M'(a)} for all a € V. We also say that (M + M’) is obtained by adding M to
M’ (or vice versa) while (M — M’) is obtained by removing M’ from M.

For example, given the multisets M = {a,b,b,b} and M’ = {b, b}, we can say
that M’ is included in M, that (M + M') = {a,b,b,b,b,b} and that (M — M') =
{a,b}.

The support of a multiset M is defined as the set supp(M) = {a € V|M(a) >
0}. A multiset with finite support is usually presented as a set of pairs (x, M(z)),
for x € supp(M).

The cardinality of a multiset M is denoted by card(M) and it indicates the
number of objects in the multiset. It is defined in the following way. card(M)
is infinite if M has infinite support. If M has finite support then card(M) =
EaiEsupp(M) M(a;), i.e., all the occurrences of the elements in the support are
counted.

We denote by M(V') the set of all possible multisets over V' and by My (V)
the set of all multisets over V' having cardinality k.

For the case that the alphabet V is finite we can use a compact string notation

to denote multisets: if M = {(a1, M(a1)), (a2, M(az)), ..., (an, M(a,))} then the

string w = ai\/[(al)aéw(w) - gMlan) (and all its permutations) precisely identify

the symbols in M and their multiplicities. Hence, given a string w € V*, we can
say that it identifies the multiset {(a, |w|,) | @ € V'}. For instance, the string bab
represents the multiset {b,a,b} = {(a,1),(b,2)} which has cardinality 3. The
empty multiset is represented by the empty string, A.



