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Proof for Propositional Logic, Part 1: Natural Deduction

University of

judgements Strathclyde
We want to deduce judgements of the form:

Piy..., P Q
meaning;:

From assumptions Py, ..., P,, we can prove Q.

Soundness The system will be sound, meaning:
Piy...,Pn - Q provable = Py,...,P.EQ

We will make sure it is sound by checking each rule as we go.
If all the premises are valid entailments, then so is the conclusion
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Proof for Propositional Logic, Part 1: Natural Deduction

University of %
Judgements Strathclyde

The main judgement form is

Pi,...,PnFQ

With assumptions Py, ..., Py, can prove Q
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Proof for Propositional Logic, Part 1: Natural Deduction

University of @
Judgements Sirathetyde

The main judgement form is

Pi,...,PnFQ
With assumptions Py, ..., Py, can prove Q
We will also use an auxiliary judgement:
Piy...,Pn [PIFQ

- With assumptions Py, ..., Py, focusing on P, can prove Q
- Also “means” P,..., P, PEQ
- Having a focus is useful for organising proofs
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Proof for Propositional Logic, Part 1: Natural Deduction

University of
Judgements Sirathetyde

The main judgement form is

Pi,...,Pn FQ

We will also use an auxiliary judgement:

Pi,...,Po[PIFQ
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Proof for Propositional Logic, Part 1: Natural Deduction

University of
J u d ge ments Strathclyde

The main judgement form is

Pi,...,Pn FQ

We will also use an auxiliary judgement:

Pi,...,Po[PIFQ

Assumption lists The list of assumptions Py, ..., P, will appear
often. So we will shortenittol" =Py, ..., P,.
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Proof for Propositional Logic, Part 1: Natural Deduction

M University of @
Basic Rules Sirathelyde

DoNE
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Proof for Propositional Logic, Part 1: Natural Deduction

M University of %
Basic Rules Sirathelyde

» If we have a focused assumption P, then we can prove P
» (Remember I" stands for a list of other assumptions)
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Proof for Propositional Logic, Part 1: Natural Deduction

M University of %
Basic Rules Sirathelyde

PeTl rPl-Q
- Q

UsE
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Proof for Propositional Logic, Part 1: Natural Deduction

University of

Strathclyde

Basic Rules :

PeTl rPl-Q

FI—Q UsE

» P &l means “Pisin 7.
» If we have a P in our current assumptions, we can focus on it.

» P € I'is a side condition: it is something we check when we
apply the rule, not another judgement to be proved.
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Proof for Propositional Logic, Part 1: Natural Deduction

s University of @
A first proof Sirathetyde

AFA
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Proof for Propositional Logic, Part 1: Natural Deduction

s University of @
A first proof Sirathelyde

A[AlIFA
AFA

UsEe

» First Use the A assumption.
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Proof for Propositional Logic, Part 1: Natural Deduction

s University of %
A first proof Sirathelyde

DoNE

A[AIFA
AFA

UsEe

» First Use the A assumption.
» Then we are DonE.
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Proof for Propositional Logic, Part 1: Natural Deduction

University of %
Soundness Sirathelyde

Perl I[Pl
DoNE [] QUSE

T PP r-Q
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Proof for Propositional Logic, Part 1: Natural Deduction

University of @
Soundness gggthcw.de

Perl I[Pl
DoNE [ ] C2 UsE

I"PI+P '=Q

DonNE
is sound because assuming P entails P, and extra assumptions
make no difference.
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Proof for Propositional Logic, Part 1: Natural Deduction

University of @
Soundness 2::gthc’de

Perl I[Pl
DoNE [ ] C2 UsE

I"PI+P '=Q

DonNE
is sound because assuming P entails P, and extra assumptions
make no difference.

Use
is sound because if we assuming P twice entails Q, then it is okay
to assume it once.
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Proof for Propositional Logic, Part 1: Natural Deduction

o University of
Rules for connectives Siraticlyde

The rule Done and Use do not mention the connectives.
In Natural Deduction, rules for connectives come in two kinds:

1. Introduction rules

How to construct a proof with the connective
2. Elimination rules

How to use an assumption with this connective

Atkey CS208 - Topic 2 - page 11 of 57



Proof for Propositional Logic, Part 1: Natural Deduction

L University of
Rules for connectives Sirathclyde

The rule Done and Use do not mention the connectives.
In Natural Deduction, rules for connectives come in two kinds:

1. Introduction rules

How to construct a proof with the connective
2. Elimination rules

How to use an assumption with this connective

Very rough analogy: but can be made very precise
1. Introduction rules are like constructors for building objects
2. Elimination rules are like methods for taking apart objects

Atkey CS208 - Topic 2 - page 11 of 57



Proof for Propositional Logic, Part 1: Natural Deduction

“And” Introduction

"= Qq N=Q2
' =Q1AQ2

SPLIT
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Proof for Propositional Logic, Part 1: Natural Deduction

.
(3 L4 University of
And” Introduction Sirathelyce

' Qg N=Q2
' =Q1AQ2

SPLIT

» To prove Py /A P, we have to prove Py and P,
» This rule is often called /A-INTRoDUCTION
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University of
An example proof Strathclyde

D D
ABAIFA ™  ABBIFB "
UsE UsE

ABFA A,BFB .
A,BFAAB PLT
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University of
An example proof Strathclyde

D D
ABAIFA ° ABBIFB "
UsE UsE

ABFA ABEB
A,BFAAB P

To prove A /A B, we Seuit into proofs of A and B.
In each case, we Use the corresponding assumption.
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Proof for Propositional Logic, Part 1: Natural Deduction

¢ . . . Universityof
And” Elimination Sirathelyce

r [P1] - Q FirsT r [PZ] - Q SECOND

MNPy AP FQ I[Py AP FQ
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Proof for Propositional Logic, Part 1: Natural Deduction

-
“ ° . o University of
And” Elimination Sirathelyde

r [P1] - Q FirsT r [PZ] - Q SECOND

MNPy AP FQ I[Py AP FQ

If we are focused on an formula P; /A P2, we can select either the
FirsT O SEconp component to focus on.
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University of
Strathclyde
Science

Example proof

DoNE

AAB[BIFB
AANB[AAB]FB
AANBFB

SECOND

UsEe
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Proof for Propositional Logic, Part 1: Natural Deduction

2
(3 L University of
True” Introduction Strathctyde

TrRUE

=T
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Proof for Propositional Logic, Part 1: Natural Deduction

2
(3 L University of
True” Introduction Sirathetyde

TrRUE

=T

» T is always provable.
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Proof for Propositional Logic, Part 1: Natural Deduction

&2
(3 ° . . University of
True” Elimination Sirathetyde
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Proof for Propositional Logic, Part 1: Natural Deduction

&2
(3 ° . . University of
True” Elimination Sirathetyde

No elimination rule!
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Proof for Propositional Logic, Part 1: Natural Deduction

University of
Summary Sirathctyde

» The judgement forms for (focused) Natural Deduction:
Pi,...,PhFQ Pi,...,Po[PIFQ

» Rules for Use and Done

» Rules for introducing and eliminating /\.
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Proof for Propositional Logic, Part 2

Rules for “Implies”
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Proof for Propositional Logic, Part 2: Rules for “Implies”

M . University of %
“Implies” Introduction Straihclyde

LPFQ
FrFP—Q

INTRODUCE
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Proof for Propositional Logic, Part 2: Rules for “Implies”

2
¢ o ° University of
Implies” Introduction Sirathelyde

LPFQ
FrFP—Q

INTRODUCE

To prove P — Q, we prove Q under the assumption P.
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Proof for Propositional Logic, Part 2: Rules for “Implies”

University of %
Example: A— A Strathclyde

— D
AAIF A L‘J’NE
AFA F
INTRODUCE

FA—A
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Proof for Propositional Logic, Part 2: Rules for “Implies”

Universityof
Example . (A_ /\ B) — A Strathclyde

DoNE

AABIAIF A
AAB[AABIFA
AABFA
F(AAB) — A

FIRsT

UsEe

INTRODUCE
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Proof for Propositional Logic, Part 2: Rules for “Implies”

“Implies” Elimination

' P I[Pl Q
F[P1—)P2]|—Q

APPLY
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University of
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Proof for Propositional Logic, Part 2: Rules for “Implies”

2
(3 ° . hd L University of
Implies” Elimination Sirathetyde

' P I[Pl Q
F[P1—)P2]|—Q

APPLY

If we have Py — P, and we can prove Pq, then we have P;.
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Proof for Propositional Logic, Part 2: Rules for “Implies”

Example: A - (A —-B) — B Sirathetyde

AASBAJFA DM
AASBEFA 2 AASBBEFBOT
AASB[ASDBIFB AJ:ZY
AJA—-BFB
AL (A - B) B INTRODUCE
INTRODUCE

FA—(A—B)—B
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Proof for Propositional Logic, Part 2: Rules for “Implies”

University of
The Rules so far Sirathelyde

Pel T[PIFQ

G Q.
i Q] 'r QZ SpLIT r [Pﬂ - Q FIRST r [PZ] - Q SECOND
MN=Q1AQ: MNP AP FQ MNP APl FQ
LPFQ | "= Py F[PZ]FQA
FEP—oQ oot FPy—PJFQ 0
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Atkey

Proof for Propositional Logic, Part 2: Rules for “Implies”

Summary

» The rules for Implication

LPFQ

r=pP—0Q

INTRODUCE

' Py MNPl FQ

CS208 - Topic 2 -

F[P1%P2]|—Q

%T}f r[f%
University of

Strathclyde
Science

APPLY
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Proof for Propositional Logic, Part 3

Rules for “Or”
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Proof for Propositional Logic, Part 3: Rules for “Or”

2
(3 bt University of
Or” Introduction Sirathclyae

' Qg N'=Qa2

LEFT RiGHT

r-Q,vVaQ, F-QiVQ:
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Proof for Propositional Logic, Part 3: Rules for “Or”

-
“ bt University of
Or” Introduction Sirathelyae

' Qg M= Q2

LEFT RiGHT

N=Q1VaQ: N=Q1VaQ:

To prove Q1 V Qa, either we:
1. prove Qq, or
2. prove Q.
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Universityof

Example

—— D

AAIF A SNE
AFA LSE
AFAVB
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Proof for Propositional Logic, Part 3: Rules for “Or”

&2
¢ . ° ° University of
Or” Elimination Sirathetyde

LPiFEQ LP,FQ
MPVPIEQ

I} P means all the assumptions in I', and P

CASES
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Proof for Propositional Logic, Part 3: Rules for “Or”

o
¢ . ° ° University of
Or” Elimination Shginclyde

LPiEQ P FQ
MPVPIEQ

I} P means all the assumptions in I', and P

CASES

If we are focused on P; \VV P,, then:
1. Either P; holds, so we have to prove Q assuming Py; or
2. Either P; holds, so we have to prove Q assuming P,
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Proof for Propositional Logic, Part 3: Rules for “Or”

2
¢ . ° ° University of
Or” Elimination Sirathetyde

LPiFEQ LP,FQ
MPVPIEQ

CASES
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Proof for Propositional Logic, Part 3: Rules for “Or”

-
“ L] ° [ ] University of
Or” Elimination Sirathelyce

LPiEQ P FQ
MPVPIEQ

CASES

We (the provers) don’t know which of P or P; is true, so we need
to write proofs for both eventualities.
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Atkey

Proof for Propositional Logic, Part 3: Rules for “Or”

¢ . . . University of
Or” Elimination Strathctyde

LPiEQ P FQ
MNP VPIFEQ

CASES

We (the provers) don’t know which of P; or P; is true, so we need
to write proofs for both eventualities.

This is dual to the case for conjunction: for P; /A P, we had to
provide both sides in the introduction rule, but got to choose in the
elimination rule.

CS208 - Topic 2 - page 31 of 57



University of
Strathclyde
Science

Example

D D
AV&AVUFAJM AVBjnﬂFBJ“
AVBAFA AVBBFB

RicHT LEFT

AVB,AFBVA AVB,BFBVA
AVBIAVBIFBVA
AVBFBVA

CASES

UsEe
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Proof for Propositional Logic, Part 3: Rules for “Or”

bt University of @
“False” Introduction Sirathelyde

No introduction rule!
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Proof for Propositional Logic, Part 3: Rules for “Or”

¢ ° ° ° University of
False” Elimination Strathclyde

FALSE
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Proof for Propositional Logic, Part 3: Rules for “Or”

-
“ ° . L University of
False” Elimination Sirathetyde

FALSE

rFEQ

If we have a false assumption, we can prove anything.
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Example

FALSE

FIFFFAABAC
FFAABAC
FF 5 (AABACQ)

UsE

INTRODUCE
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University of
Strathclyde
Example

AvEAmﬂwa“ AVEFHFATTE
AVFEAFA AVFFFA
CASES
AVFIAVFFA '
AVFFA I“
|— (A\/ F) . A NTRODUCE
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Proof for Propositional Logic, Part 3: Rules for “Or”

University of

S umma ry Strathclyde
» Rules for “Or”:
M= Qg Leer N-Q: —
MN=QiVaQz r'FQiVQ:

LPIEQ LPFQ
MPVPIEQ

CASES

» “False” lets us prove anything:

FALSE

MNF+Q
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Proof for Propositional Logic, Part 4

Rules for “Not”
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Proof for Propositional Logic, Part 4: Rules for “Not” _

M University of %
Negation Strathclyde

We could define negation:

—“P=P—F

Then we wouldn’t need any rules for it.
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Proof for Propositional Logic, Part 4: Rules for “Not”

Rules for Negation: Introduction

(—P=P—>F)

LPEF
NP —F

INTRODUCE

To prove —P, we prove that P proves false.

CS208 - Topic 2 -

%". Tm)
University of

Strathclyde
Science
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Proof for Propositional Logic, Part 4: Rules for “Not”

o . . 3 University of
Rules for Negation: Elimination Strathctyde
(—P=P—>F)
— F
r |_ P r [F] |_ Q ALSE
APPLY

rP—=FFQ

If we know that —P is true, and we can prove P, then we get a
contradiction which allows us to prove anything.
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Proof for Propositional Logic, Part 4: Rules for “Not”

Specialised Rules for Negation

Introduction:
LPHF Nor
r I— —|P OT-INTRO
Elimination:
P NorE
r [_|,P] |— Q OT-CLIM

%". Tm)
University of

Strathclyde
Science
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Proof for Propositional Logic, Part 4: Rules for “Not”

Example: (AV B) - —~A — B Sirathetyde

AVB,—AAAFA
AVB,—AAF A

AVB,—AACAIFB TJ[;E'M AVB,—ABBIFB %OS'ZE
AVB,—AAFB AVB-ABEB D
AVB,-AAVBIFB o
AVB,-ArB
INTRODUCE

AVBF—-A—-B

INTRODUCE
FAVB)—>—-A—B
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Proof for Propositional Logic, Part 4: Rules for “Not”

University of
S umma ry Strathclyde

» Negation can be defined in terms of Implication and False
» Nicer to have specific rules:

LPHF MePp
r'E—p r=Pl+FQ
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

University of
Soundness and Completeness Strathctyde

Soundness : “Everything that is provable is valid”:

P],...,Pnl—Q $P1,...,Pn|:Q

I’ve tried, informally, to convince you of this for each rule. If each
rule is sound, then the whole system is sound.
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

University of
Soundness and Completeness Strathctyde

Soundness : “Everything that is provable is valid”:

P],...,Pnl—Q $P1,...,Pn|:Q

I’ve tried, informally, to convince you of this for each rule. If each
rule is sound, then the whole system is sound.

Completeness : “Everything that is provable is valid”:

P],...,PRIZQ =>P],...,Pn|_Q

Does this property hold of the system so far?
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of %
Failure of Completeness Sirathelyde

Science

Recall that this entailment is valid:

EAV-A

Can we prove this?
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of %
Failure of Completeness Sirathelyde

Recall that this entailment is valid:

EAV-A

Can we prove this? Is there a proof of H AV —A?
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of
Failure of Completeness Sirathclyde

Recall that this entailment is valid:

EAV-A

Can we prove this? Is there a proof of H AV —A?
Have three options:

1. Apply Use to use an assumption.
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of
Failure of Completeness Sirathclyde

Recall that this entailment is valid:

EAV-A

Can we prove this? Is there a proof of H AV —A?
Have three options:

1. Apply Use to use an assumption. No assumptions!
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of
Failure of Completeness Sirathclyde

Recall that this entailment is valid:

EAV-A

Can we prove this? Is there a proof of H AV —A?
Have three options:

1. Apply Use to use an assumption. No assumptions!
2. Apply Lerr and try to prove - A,
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of
Failure of Completeness Strathetyde

Recall that this entailment is valid:

EAV-A

Can we prove this? Is there a proof of F AV —A?
Have three options:
1. Apply Use to use an assumption. No assumptions!

2. Apply Lerr and try to prove = A, but this can’t be provable, by
soundness!
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of
Failure of Completeness Strathetyde

Recall that this entailment is valid:

EAV-A

Can we prove this? Is there a proof of F AV —A?
Have three options:
1. Apply Use to use an assumption. No assumptions!
2. Apply Lerr and try to prove = A, but this can’t be provable, by
soundness!
3. Apply Rigut and try to prove = —A,
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of
Failure of Completeness Strathetyde

Recall that this entailment is valid:

EAV-A

Can we prove this? Is there a proof of F AV —A?
Have three options:
1. Apply Use to use an assumption. No assumptions!

2. Apply Lerr and try to prove = A, but this can’t be provable, by
soundness!

3. Apply Rigut and try to prove = —A, but this can’t be provable,
by soundness!
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

M University of
Failure of Completeness Strathetyde

Recall that this entailment is valid:

EAV-A

Can we prove this? Is there a proof of F AV —A?
Have three options:
1. Apply Use to use an assumption. No assumptions!
2. Apply Lerr and try to prove = A, but this can’t be provable, by
soundness!
3. Apply Rigut and try to prove = —A, but this can’t be provable,
by soundness!
So the system so far is not complete, with respect to our semantics.
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

° M University of
Fixing completeness Strathctyde

We could add the following rule:

PEQ  K-PHQ
N=Q

ExcLUDEDMIDDLE
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

: * University of
Fixing completeness Strathctyde

We could add the following rule:

PEQ  K-PHQ
N=Q

ExcLUDEDMIDDLE

To prove Q, pick any proposition P and say “either P or —P”.

Atkey CS208 - Topic 2 - page 48 of 57



Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

° ° University of
Fixing completeness Shathetyde

We could add the following rule:

PEQ  K-PHQ
N=Q

ExcLUDEDMIDDLE

To prove Q, pick any proposition P and say “either P or —P”.
This lets us prove F AV —A.
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

° ° University of
Fixing completeness Shathetyde

We could add the following rule:

PEQ  K-PHQ
N=Q

ExcLUDEDMIDDLE

To prove Q, pick any proposition P and say “either P or —P”.
This lets us prove F AV —A.

It is sound, but is it a good idea?
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

° ° University of %
Some Philosophy of Mathematics [

Where do mathematical objects live?

(objects include numbers, shapes, functions, propositions, proofs, ...)
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

“pl . » s“h
atonism

» Objects exist “out there”, independently of us.

» There is a universal notion of “truth”.
» Every proposition is either true or false, even if we can’t see why.

Image: By Copy of Silanion, Public Domain, https://commons.wikimedia.org/w/index.php?curid=7831217
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

(3 °g? hd » University of
Intuitionism Strathetyde

(L.E.J. Brouwer, 1900/10/20s)

» Objects exist as constructions within our heads.
» Including proofs of propositions

» We convince ourselves of the truth of a proposition by constructing
evidence for it.

Image: By Source (WP:NFCC#4), Fair use, https://en.wikipedia.org/w/index.php?curid=39567913
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

s ° Universi(yof
Evidence based Interpretation Stratfictyde

(Instead of saying P[0 Q is true when...)

Evidence of... is

T there always evidence of T

F there is no evidence of F
PAQ evidence of P and evidence of Q
PV Q evidence of P or evidence of Q

P—Q a process converting evidence of P into evidence of Q
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

: . University of
Evidence for Negation Sirathiclyde

We define =P =P — F.

» evidence of —P is a process converting evidence of P to
evidence of F

» but there is no evidence of F
» so there can be no evidence of P.
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Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

d Universi(yof
Excluded Middle? Sirathelyde

In two valued (T, F) logic, excluded middle is valid for any P:

PV —P

The proof of validity (via truth tables) makes no commitment to
which one is actually true.

Atkey CS208 - Topic 2 - page 54 of 57



Proof for Propositional Logic, Part 5: Soundness & Completeness & Philosophy

d University of
EXCIUdEd Mlddle? Strathclyde

In two valued (T, F) logic, excluded middle is valid for any P:
PV —P

The proof of validity (via truth tables) makes no commitment to
which one is actually true.

However, in terms of evidence, we have to construct either
1. evidence of P, or
2. evidence of —P.

For an arbitrary proposition P, this seems unlikely.
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s . University of
Failure of Excluded Middle Stratfictyde

For instance, if x is a real number (has an arbitrarily long decimal
expansion), then, in terms of evidence

(x=0)V—=(x=0)

asks us to determine whether x is 0.

But there is no process to do this in finite time.
(Another example: does this Turing Machine halt?)
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°g° . o . Universi(yof
Intuitionistic Logic Strathclyde

Intuitionistic Logic is the similar to “Classical” Logic, except that it
does not include the Law of Excluded Middle P \V —P for all
propositions P.

Note: this does not mean that —(P \V —P) is provable. There may
be some Ps for which PV —P holds.

(For example, (x = 0) V —(x = 0) when x is an integer)
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Pl
Summary Sirathctyde

» The system was have so far is sound but not complete
» We can make it complete by adding a rule for excluded middle:

PV —P

» But should we? What does Logic mean?
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