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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

: o University of
Tracking free variables Sirathclyde

We are going to prove things like:

= ¥x.(p(x) A q(x)) = p(x)

This will mean we will have proof states like:

E(px) Aqx)) — p(x)

We need to keep track of variables as well as assumed formulas to
the left of the - “turnstile”.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of

Judgements Strathclyde
Proving:
th],...,xi,VPj,...,xm,Pr/LI— \(2/
assumptions and variables conclusion

Focused:

Py X1y oy Xiy Piy ooy Xmy Pn [P -

NI ) 1)\{]) y Xmy TJL[\/] Q

assumptions and variables focus conclusion

Note:

1. We never focus on a variable, only formulas
2. Each P; only contains free variables that appear to the left of it
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Well-scoped terms and formulas

If we have a list of variables and assumptions (a “context i
Strathclyde

S

I'=Py,x1,..., Xy Py oo oy X, P
I"is the name we’re giving to the list

» A formula P is well-scoped in T if all the free variables of P
appearin .

» Atermtis well-scoped in T if all the variables of t appear inT.

» All formulas in I" must be well-scoped by the variables to their
left (same condition as previous slide).

» The focus and conclusion must always be well-scoped in T'.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathictyde

Are the following well-scoped?

1. Context: x Formula: Vy.P(y) — Q(y)
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathictyde

Are the following well-scoped?

1. Context: x Formula: Yy.P(y) — Q(y)
Yes. The variable y is bound in the formula.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathictyde

Are the following well-scoped?

1. Context: x Formula: Yy.P(y) — Q(y)
Yes. The variable y is bound in the formula.

2. Context: x Formula: Vy.P(y) — Q(x,y)
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathclyde

Are the following well-scoped?

1. Context: x Formula: Yy.P(y) — Q(y)
Yes. The variable y is bound in the formula.

2. Context: x Formula: Vy.P(y) — Q(x,y)
Yes. The variable y is bound in the formula, and the free
variable x is in the context.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathictyde

Are the following well-scoped?

1. Context: empty Formula: Vy.P(y) — Q(x,y)
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathictyde

Are the following well-scoped?
1. Context: empty Formula: Vy.P(y) — Q(x,y)

No. The variable y is bound in the formula, but the free
variable x is not in the context.
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Atkey

Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathclyde

Are the following well-scoped?

1. Context: empty Formula: Vy.P(y) — Q(x,y)
No. The variable y is bound in the formula, but the free
variable x is not in the context.

2. Context: empty Term: x + 1
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathclyde

Are the following well-scoped?

1. Context: empty Formula: Vy.P(y) — Q(x,y)
No. The variable y is bound in the formula, but the free
variable x is not in the context.

2. Context: empty Term: x + 1
No. The variable x is free in the term but is not in the context.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

University of
Well-scoped terms and formulas Strathclyde

Are the following well-scoped?

1. Context: empty Formula: Vy.P(y) — Q(x,y)
No. The variable y is bound in the formula, but the free
variable x is not in the context.

2. Context: empty Term: x + 1
No. The variable x is free in the term but is not in the context.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

Universityof
Well-scoped Judgements Stratfictyde

Is the following well-scoped?

1. Is this judgement well-scoped:

Xy [Px,y)l - Q(x)
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

rsity of f
WEII-SCOped Judgements Strathclyde

Is the following well-scoped?

1. Is this judgement well-scoped:

Xy [Px,y)l = Q(x)

Yes. The free variables of the focus and conclusion are %, y,
which are in the context.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

Universityof
Well-scoped Judgements Stratfictyde

Is the following well-scoped?

1. Is this judgement well-scoped:

x [P(x,y)l F Q(x)
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

Universi(yof
Well-scoped Judgements Strathelyde

Is the following well-scoped?
1. Is this judgement well-scoped:

x [P(x,y)l F Q(x)

No. The free variables of the focus and conclusion are x,y, but
y is not in the context.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

Universityof
Well-scoped Judgements Siratnetyde

Is the following well-scoped?

1. Is this judgement well-scoped:

X, Q(x),y [P(x,y)] = Q(y)
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

Universi(yof
Well-scoped Judgements Strathelyde

Is the following well-scoped?

1. Is this judgement well-scoped:

X, Q(x),y [P(x,y)] = Q(y)

Yes. Each variable appears before (reading left to right) it is
used.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

Universityof
Well-scoped Judgements Siratnetyde

Is the following well-scoped?

1. Is this judgement well-scoped:

Vx.Q(x),y [P(x,y)] F Q(y)
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

Universi(yof
Well-scoped Judgements Strathelyde

Is the following well-scoped?

1. Is this judgement well-scoped:

vx.Q(x),y [P(x,y)] F Q(y)

No. The x in the first Q(x) is OK, but the x in P(x,y) has not
been declared in scope.
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Proof for Predicate Logic, Part 1: Upgrading Natural Deduction

Universityof
S umma ry Strathclyde

1. We started to upgrade Natural Deduction to Predicate Logic
2. We need to manage the scope of variables
3. To do so, we add them to the context

4. Variables may only be used by formulas to their right
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University of
Strathclyde
Science

Proof for Predicate Logic, Part 2

Rules for “Forall”
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What does Vx.P mean?

(assuming a domain of discourse) umversnyor
Strathclyde

Science

Answer 1: it means for all individuals “a”, P[x := a] is true.

(we think of “for all” as an infinite conjunction)
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What does Vx.P mean?

(assuming a domain of discourse) umversicyof
Strathclyde

Science

Answer 1: it means for all individuals “a”, P[x := a] is true.

(we think of “for all” as an infinite conjunction)

Answer 2 : thinking about proofs:

To prove a Vx.P:
» We must prove P[x := x] for a general x.
» The x¢ stands in for any “a” that might be chosen.

To use a proof of Vx.P:
» We can choose any t we like for x, and get P[x := t]
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S
&
Universityof <&

Strathclyde

Science

Introduction rule

[ xo F Qx := xo]
M vx.Q

INTRODUCEY

Atkey CS208 - Topic 4 - page 15 of 46



Qe
Universityof %

Strathclyde

Science

Introduction rule

[ xo F Qx := xo]
M vx.Q

INTRODUCEY

“To prove Vx.Q, we prove Q[x := xo], assuming an arbitrary x,.”
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Atkey

x, P(x) A\ Q(x) [P(x)] - P(x) FIRST
% P(x) AQ) PO A QR F Px) ™
x, P(x) A Q(x) F P(x) INTRODUCE
x F (P(x) A Q(x)) — P(x) INTRODUCE
- vx.(P(x) AQ(x)) — P(x)

CS208 - Topic 4 - page 16 of 46



Universityof
Strathclyde
Science

Elimination

INPx:=tllFQ
I vx.PlFQ

INSTANTIATE

(side condition: t is well-scoped in T
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University of

Strathclyde
Science

Elimination

MNPx:=tll+Q
I vx.PlFQ

INSTANTIATE
(side condition: t is well-scoped in T")

“If we have P for all x, then we can pick any well-scoped t we like
to stand in for it”
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University of
Strathclyde
Science

M0 - i) ° pox
I h(s()) Mm(sON Fm(s()
[ (h(s()) — m(s())] = m(s()) INSTANTIATE
I [vx.h(x) = m(x)] - m(s()) Use
"' m(s())
eh(x) = m(x) F h(s0) = m(s) -

- (Vx.h(x) — m(x)) — h(s()) — m(s())

where I' = Vx.h(x) — m(x), h(s())
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Proof for Predicate Logic, Part 2: Rules for “Forall”

Universityof
S umma ry Strathclyde

» To prove Vx.P(x), we must prove P(xo) for a fresh x,.
» To use Vx.P(x), we get to choose the t we use for x.
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University of
Strathclyde
Science

Proof for Predicate Logic, Part 3

Rules for “Exists”
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What does 3x.P mean?

(assuming a domain of discourse) umversnyor
Strathclyde

Science

Answer 1 : there is at least one “a” such that P[x := a] is true.

(we think of “exists” as an infinite disjunction)
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What does 3x.P mean?

(assuming a domain of discourse) umversicyof
Strathclyde

Science

Answer 1 : there is at least one “a” such that P[x := a] is true.
(we think of “exists” as an infinite disjunction)
Answer 2 : thinking about proofs:

To prove a 3x.P:
» We must provide a witness term t such that P[x := t].

To use a proof of Ix.P:

» We have to work with an arbitrary xo and all we know is
Plx := xol.
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University of

Strathclyde
Science

Introduction

'+ Plx :=1]
' 3Ix.P

(side condition: t is well-scoped in T)

ExisTs

“To prove 3x.P, we have to provide a witness t for x, and show that
Plx :=1t]”
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npn
Universityof %

Strathclyde
Science

D
human (socrates()) [human(socrates())] - human(socrates()) ONE
Use
human (socrates()) - human(socrates()) e
human (socrates()) - Ix.human(x) XISTS
INTRODUCE

F human(socrates()) — (Ix.human(x))
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Elimination
I %0, Plx :=%0] - Q
= x.PIFQ

“To use Ix.P, we get some arbitrary x, that we know P[x := x,]
about.”

UNPACK
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University of
Strathclyde
Science

dx.h(x) A m(x),ali,h(ali) Am(ali) [h(ali)] - h(ali) Done

Txh(x) A m(x), ali, h(ali) A m(ali) [h{al) Am(al)] - hal) "

Ix.h(x) Am(x),ali, h(ali) A m(ali) - h(ali) UES><E|5TS
Ix.h(x) A m(x),ali,h(ali) Am(ali) F 3x.h(x) UNPACK
Ix.h(x) Am(x) [Fx.h(x) Am(x)] - Ix.h(x) Use
Fxh(x) Am(x) F 3x.h(x) INTRODUCE
F (3x.h(x) Am(x)) — (Ix.h(x))

Atkey CS208 - Topic 4 - page 25 of 46



Proof for Predicate Logic, Part 3: Rules for “Exists”

hd Universityof
Comparlng /\ and \v/ Strathclyde

Introduction
FI—P1 rl—Pz F,Xol—P[XZ:Xo]
SpLIT -1
FI—P1/\P2 ' Vx.P

For /\, we have to prove Pi, no matter what i is. For V, we have to
prove P[x := x¢l, no matter what xg is.
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Atkey

Proof for Predicate Logic, Part 3: Rules for “Exists”

. University of
Comparing /\ and V Sirathelyde

Elimination
r [P]] - Q FIrsT r [PZ] - Q SECOND
Py AP EQ MPiAPIEQ

NPx:=tl+Q
I vx.PIFQ

INSTANTIATE

For /\, we choose 1 or 2. For V, we choose t.
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Proof for Predicate Logic, Part 3: Rules for “Exists”

hd Universityof
Comparlng \/ and El Strathclyde

Introduction
reP rep MePh=1
FEPIVP,  TEPVP, FEaxp o0

For \VV, we choose which of 1 or 2 we want. For 3, we choose the
witnessing term t.
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Proof for Predicate Logic, Part 3: Rules for “Exists”

hd Universityof
Comparlng \/ and El Strathclyde

Elimination
r’ P - Q R P2 - Q CASES F)XO) P[X - XO] - Q UNPACK
MNP VPIlFQ I [=Zx.PIFQ

For \V, we must deal with T or 2. For 3, we must cope with any xo.
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Proof for Predicate Logic, Part 3: Rules for “Exists”

University of
S umma ry Strathclyde

» To prove Ix.P(x) we must give a witness t and prove P(t).
» To use Ix.P(X) we get to assume there is some y and P(y).
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University of
Strathclyde
Science

Proof for Predicate Logic, Part 4

Rules for Equality
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Proof for Predicate Logic, Part 4: Rules for Equality

M . University of %
What is Equality? Sirathelyde
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Proof for Predicate Logic, Part 4: Rules for Equality

° L University of
What is Equality? Sirathelyde

Some properties:
1. Reflexivity: for all x,x =x
2. Symmetry: forall x andy, if x =y theny =x
3. Transitivity: for allx,y and z,if x =y andy =z, thenx =z
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Proof for Predicate Logic, Part 4: Rules for Equality

W h atis E q u al |tY? Strathclyde

Some properties:
1. Reflexivity: for all x,x =x
2. Symmetry: forall x andy, if x =y theny =x
3. Transitivity: for allx,y and z,if x =y andy =z, thenx =z

Any binary relation that satisfies these properties is called an
equivalence relation.
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Proof for Predicate Logic, Part 4: Rules for Equality

M L University of
What is Equality? Siratiiclyde

The special property of equality is the following:

If s = t, then everything that is true about s is true about t.
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Proof for Predicate Logic, Part 4: Rules for Equality =
University of

What is Equality? Sirathelyde

The special property of equality is the following:
If s = t, then everything that is true about s is true about t.

(and vice versa. but do we need to say this?)
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Proof for Predicate Logic, Part 4: Rules for Equality

W h atis E q u al |tY? Strathclyde

The special property of equality is the following:
If s = t, then everything that is true about s is true about t.

(and vice versa. but do we need to say this?)

Gottfried Leibniz (co-inventor of Calculus) took this as the
definition of equality.
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Proof for Predicate Logic, Part 4: Rules for Equality

M L University of
What is Equality? Sirathelyde

With more symbols:

If t; = t,, then for all P, if P[x — t;] then P[x — t;]
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Proof for Predicate Logic, Part 4: Rules for Equality

M L University of
What is Equality? Siratiiclyde

All we will need is:
1. Reflexivity: for every termt, t =t
2. Substitution: t; = t; and P[x — t;] implies P[x — t;]

Amazingly, this is enough!
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Proof for Predicate Logic, Part 4: Rules for Equality

University of
Symmetry Sirathctyde

To prove that x =y impliesy = x:
1. We know that x = x by reflexivity
2. So we use our assumption to replace the first x by y to get
y=x

Atkey CS208 - Topic 4 - page 37 of 46



Proof for Predicate Logic, Part 4: Rules for Equality

°g° . Universityof
Transitivity Strathctyde

To prove that x =y and y = z implies x = z:
1. Substitute the second assumption in the first to get x = z.
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Proof for Predicate Logic, Part 4: Rules for Equality

d o University of %
Rules for Equality: Introduction Stratfictyde

REFLEXIVITY

N-=t=t

Every term is equal to itself.
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Proof for Predicate Logic, Part 4: Rules for Equality

hd . . . Universityof
Rules for Equality: Elimination Strathctyde

'E Plx — t5]
I'[t; =t F Plx — t4]

SuBST
If we know that t; = t; then we can replace t; with t; in the goal.

This is substitution backwards: if we know P[x — t,] and t; = t,,
then we know P[x — t;].
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Proof for Predicate Logic, Part 4: Rules for Equality

University of
Example: Symmetry Siraihelyde

REFLEXIVITY

x,y,x:yky:y
LYX=Y [Xzy]l—y:X

SuBST

UsEe
X, y,Xx=YykFy=x
INTRODUCE
X, yFx=y—2y=x
INTRODUCE
xFVyx=y—=y=x
INTRODUCE

FVx.Vyx=y —=y=x
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Proof for Predicate Logic, Part 4: Rules for Equality

f? LIm)
University of

Example: Transitivity Strmae
DoNE
X’%Z»X:U)U:Z[y:z]l—y =z Use
XaY»ZaX:y»U:ZFy:z S
UBST
X,y,Z,X:y,y:Z[ :y]FX:Z Use
X,V,Z,X=Y,y=zkFx=12
INTRODUCE
XV, X=YyFy=z—-x=z
INTRODUCE
X, V,zEx=y—oy=z—ox=z
INTRODUCE
X, yFYzx=y—oy=z—ox=2z
INTRODUCE
xFVyVzx=y—oy=z—ox=1z
INTRODUCE

FVxVyVex=y—oy=z—ox=z
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Proof for Predicate Logic, Part 4: Rules for Equality

°g° University of
Rewritin g Strathclyde

S

1. Susst can be quite tricky to use because we have to give a

formula P such that P[x — t;] is the one we start with, and
Plx — t,] is the one we end up with.

2. Usually, we want to replace every occurrence of t; with t;. We
write this as:

P{t; — t2}
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Proof for Predicate Logic, Part 4: Rules for Equality

°g? University of
Rewriting Sirathctyde

I'E P{t; — t3}
Nti=tJFP

REWRITE—

If we have t; = t; then we can replace t; with t; everywhere.
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Proof for Predicate Logic, Part 4: Rules for Equality

°g? University of
Rewriting Sirathctyde

For convenience:

I'E P{t; — t1}
Nty =t FP

REWRITE+—

If we have t; = t; then we can replace t; with t; everywhere.
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Proof for Predicate Logic, Part 4: Rules for Equality

University of
Summary Sirathclyde

Equality is characterised by two principles:
1. Everything is equal to itself (reflexivity)
2. If s =t, then everything that is true about s is true about t.
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