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ABSTRACT

Recently, Kitaev and Remmel [9] refined the well-known permutation statistic “descent” by fixing parity of
one of the descent’s numbers. Results in [9] were extended and generalized in several ways in [7, 10, 11, 12]. In
this paper, we shall fix a set partition of the natural numbers N, (Ny,...,N;), and we study the distribution
of descents, levels, and rises according to whether the first letter of the descent, rise, or level lies in N; over
the set of words over the alphabet [k] = {1,...,k}. In particular, we refine and generalize some of the results
in [4].

1. INTRODUCTION

The descent set of a permutation 7 = my---m, € S, is the set of indices ¢ for which m; > m; ;. This
statistic was first studied by MacMahon [13] almost a hundred years ago and it still plays an important
role in the field of permutation statistics. The number of permutations of length n with exactly m descents
is counted by the Eulerian number A,,(n). The Eulerian numbers are the coefficients of the Fulerian
polynomials A, (t) = > cq t1+des(m) Tt is well-known that the Eulerian polynomials satisfy the identity

Zmzo mitm = (ﬁ’t‘)(i)ﬂ . For more properties of the Eulerian polynomials see [5].

Recently, Kitaev and Remmel [9] studied the distribution of a refined “descent” statistic on the set of
permutations by fixing parity of (exactly) one of the descent’s numbers. For example, they showed that the
number of permutations in Sa,, (resp. Sa,41) with exactly & descents such that the first entry of the descent
is an even number is given by (Z)2n!2 (resp. 137 (Z)Q(n +1)!2). In [10], the authors generalized results of [9]
by studying descents according to whether the first or the second element in a descent pair is congruent to
0 mod k > 2.
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Subsequently, Hall and Remmel [7] generalized results of [10] by considering “X,Y-descents,” which are
descents whose “top” (first element) is in X and whose “bottom” (second element) is in Y where X and YV’
are any subsets of the natural numbers N. In particular, Hall and Remmel [7] showed that one can reduce
the problem of counting the number of permutations ¢ with k& X, Y-descents to the problem of computing
the k-th hit number of a Ferrers board in many cases. Liese [11] also considered the situation of fixing
equivalence classes of both descent numbers simultaneously. Also, papers [6] and [12] discuss ¢g-analogues of
some of the results in [7, 9, 10, 11].

Hall and Remmel [7] extended their results on counting permutations with a given number of X, Y-descents
to words. That is, let R(p) be the rearrangement class of the word 1°12°2 ... mPm (i.e., p; copies of 1, ps
copies of 2, etc.) where p; + -+ + p, = n. For any set X C N and any set [m] = {1,2,...,m}, we let
X =X N[m] and X¢, = [m] — X. Then given X,Y C N and a word w = w; - - - wy, € R(p), define

DGSX,y(w) = {Z W > Wit &&weX& Wit1 € Y},
desx y(w) = |Desxy(w)|, and
P;i;y = H{w € R(p) : desx,y(w) = s}|.
Hall and Remmel [7] proved the following theorem by purely combinatorial means.
Theorem 1.1.
a ° serfa+r\/n+1 Pz +T+0ax oz + By pa
o (o JE (L)
Pois Pogs -5 Poy /) 120 r ST/ cex Pz
b
where X¢, = {v1,va,...,0p}, a =Y. py,, and for any © € X,
i=1
X px = Z Pz, and
z¢ X
r<z<m
ﬁy7p5aj = Z Pz-
z¢Y
1<z<zx

In this paper, we shall study similar statistics over the set [k]™ of n-letter words over a fixed finite alphabet
[k] = {1,2,...,k}. In what follows, E = {2,4,6,...} and O = {1,3,5,...} are the sets of even and odd
numbers respectively. Also, we let x[t] = (z1,...,2;). Then given a word 7 = mymy... 7, € [k]™ and a set
X C N, we define the following statistics:
— — —
o Desx(m) ={i:m > mt1 and m; € X} and desx (7) = |Desx (7)],
— «— —
e Risx(m) ={i:m <mi41 and m; € X} and risx (7) = |Risx ()],
o Levx(m) ={i:m =mt1 and m; € X} and levx(m) = | Levx(n)].
Let (Ny,...,Ng) be a set partition of the natural numbers N, i.e. N=N; UNy U...UNg, N; # @ for all 4,

and N; NN, = () for i # j. Then the main goal of this paper is to study the following multivariate generating
function (MGF)

u <1—.7'r 1<*i—s.7'rlv.7'ri7r
(1.2) A = A (sl ylslzls) als]) = S0 [ g Py 7 0 0 i)

T i=1
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where i(7) is the number of letters from N; in 7 and the sum is over all words over [k].

The outline of this paper is as follows. In Section 2, we shall develop some general methods to compute
(1.2). In Section 3, we shall concentrate on computing generating functions for the distribution of the
number of levels. That is, we shall study Ay where set z; = y; = 1 for all <. In Section 4, we shall
find formulas for the number of words in [k]” that have s descents that start with an element less than
or equal to t (greater than t) for any ¢t < k. Note that if we replace a word w = wy -+ w, € [k]™ by its

.....

,,,,,

rises that start with an element less than or equal to ¢ (greater than t) for any ¢t < k. In Section 5, we shall
apply our results to study the problem of counting the number of words in [k]™ with p descents (rises) that
start with an element which is congruent to ¢ mod s for any s > 2 and i = 1,...,s. In particular, if s > 2
and (Ny,...,Ny) is the set partition of N where N; = {x € N: 2 =¢ mod s} for i = 1,...,s, then we shall
study the generating functions

S — —
s desy, () risy, (7) levy, (7) (7w
(1.3) A (sl ylsls zlslsals)) = D [T a2 g
T oi=1
and
(1.4) AEcS) (x[s]; yls]; 2[s];: q) = Z q|7r| H x?CSNi (‘n')y;riSNi (ﬂ)ZZI-CVNi (71').
™ 1=1

Our general results in Section 2 allow us to derive an explicit formula for Agf) (x[s]; ¥[s]; z[s]; q[s]) depending
on the equivalence class of k£ mod s.

For example, in the case where s = 2, our general result implies that

(L.5) Agg((h,@) = Ap(@1,22,91, 92,21, 22, q1,G2) =
o Z x?eso(ﬂ')xges;; (Tr)yiiso (‘n')y;isE(w)leevo (‘n')Z;evE(w)q(ljdd(rr)qgven(ﬂ')
™

1 A A 1—pfpb
+ (Arpz + Ao) = M2
1—pkpb
1—p1pa

1 — (vips +12)

where the sum is over all words over [2k], even(7) (resp. odd()) is the number of even (resp. odd) numbers
2;(1-y;) _ G(EmE) a0 — j
T=q; (59 M1 = T-gi(zi—wi)’ J

appropriately, we will find explicit formulas for the number of words w € [2k]™ such that %E(w) = p,

inm, A\; = 3 for j = 1,2. Then by specializing the variables

;Y
1—-q;(zj—y;

deso(m) = p, <r_1sE(7r) =p, 1%0 (m) = p, etc. For example, we prove that the number of n-letter words 7 on
— «—

[2K] having deso(7) = p (resp. risg(m) = p) is given by

n—p j . . .

!

== ki) \n P
In fact, we shall show that similar formulas hold for the number of words 7w € [k]™ with p descents (rises,
levels) whose first element is congruent to ¢ mod s for any s > 2 and 0 < ¢ < s — 1. Our results refine
and generalize the results in [4] related to the distribution of descents, levels, and rises in words. Finally, in
Section 6, we shall discuss some open questions and further research.
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2. THE GENERAL CASE

We need the following notation:

t — —
. . . desy. (7) risy, (7) levn. (7) i(rw
Alinee . im) = ApX[e) y [0 2[t]; alt]; ifm]) = 37 [ e @y 0 e (0o

T =1
where the sum is taken over all words m = w7y -+ over [k] such that my - T = i1 -+ iy
From our definitions, we have that
k
(2.1) Ap =1+ Ap(i)
i=1

Thus, to find a formula for Ay, it is sufficient to find a formula for Ay(¢) for each i = 1,2,... k. First let us
find a recurrence relation for the generating function Ayg(7).

Lemma 2.1. For each s € N;, 1 <s<k and1<1i<t, we have
s—1

22) Anls) = 1= q:](izy;— yi)Ak 1 ili;il(; y—i)yi) "1 il(quz:%;z) Z:Ak(j)'
Proof. From the definitions we have that
A =t 3 Al
= ¢+ Z Ag(s, ) + Ar(s, s) + Z Ag(s,4)-

j=s+1

Let m be any n-letter word over [k] Where n>2and m = s> m = j. If we let 7/ = mom3...m,, then it is
easy to see that

< R . .

desy, (7) = 1+ desy, (), i(w) =1+ i(n").
It is also easy to see that remaining 4t — 2 statistics of interest take the same value on 7 and =’.
This implies that Ag(s,j) = ¢;z;Ak(j) for each 1 < j < s. Similarly, Ag(s,s) = ¢:ziAx(s) and Ag(s,j) =
qiy: Ak (j) for s < j < k. Therefore,

s—1

Ay ( ) =q; + q;x; ZAk + QZZzAk + qiYi Z Ak
j=1 j=s+1
Using (2.1), we have Z] o1 Ar(j) = Ay — Zj;i Ag(j) — Ag(s) — 1, and thus
s—1
4V (1 —yi) ¢i(Ti —yi) .
Ag(s) = Ag + + Ai(9),
=) 1—qi(zi — yi) 1 —qi(zi — yi) 1*(11(21*%); G)
as desired. ]
Lemma 2.2. For each k > 1 and s € [k],
(23) > Ax) Z% T (-a
j=1 j=1 i=j+1
where, fori € Ny, andi > 1, v, = Intim A, AnU=Ym) g, = dm@m=Tm)

1—qm (z2m—ym) 1—qm (zm—ym) 1=gm (zm—ym)
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Proof. We proceed by induction on s. Note, that given our definitions of «; and «;, we can rewrite (2.2) as
(2.4) Ai(s) = 7s — a5 Y Axld)

It follows that
Ap(l) =m

so that (2.3) holds for s = 1. Thus the base case of our induction holds. Now assume that (2.3) holds for s
where 1 < s < k. Then using our induction hypothesis and (2.4), it follows that

S

_Z’VJ H (1 —a;) +Vst1 — Qi1 Z’)’j H (1—ay)
j=1

i=j+1 i=j+1
s+1
= Vs+1 — Z’YJ H 1—0(1')
i=j+1
s+1 s+1
-3 L=
1=j+1
Thus the induction step also holds so that (2.3) must hold in general. g

Lemma 2.1 gives that the Ag(i)’s, for 1 <14 < k, are the solution to the following matrix equation

1 0 0 0 0 0
a1 0 0 0 0 Ag(1) 7
as az 1 0 0 0 Ak(2) 2
(25) Qg Gy Oy 1 0 0 = : )
; Ay (k) Vi
o o o O Of 1
where, for i € N,,, and 1 > 1, 75 = —Im¥m A, 1 —amU—ym) and, for i € N,,, and i > 2, a; =

1—=qm (2m—ym) 1_q7n(zm,_ymr) !
%. Notice that ; = «j and ~; = 7; whenever ¢ and j are from the same set N,,, for some m. In
fact, it is easy to see that (2.2) and (2.3) imply that

(2.6) Ag( azZ% H (1—ai)

Jj=1 1=j+1

holds for i = 1,..., k so that (2.5) has an explicit solution. By combining (2.1) and (2.6), we can obtain the
following result.

Theorem 2.3. For a; and y; as above (defined in Lemma 2.2), we have

k k

Ak:1+2’7j H (1—ay)

j=1  i=j+1
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solving which for Ay gives

q;(1-y;) k 1—qi(zi—s)
(2.7) Ay = L ZJ 11-4g;(2 Jyj) Hi:ﬂ”rl 1—aqi(zi—yi)

Nk gy R 1—qi(zi—zi)
1 Ej:l 1—q;(z;—y;) Hi:jJrl 1—q;i(zi—y:)

where for each variable a € {x,y, z,q} we have a; = a, if i € N,

Even though we state Theorem 2.3 as the main theorem in this paper, its statement can be (easily) generalized
if one considers compositions instead of words (see [8]). Indeed, let

t — —
- desy. (7) risy, (7) levy. (7) i(rw
By = By(x[t] ylt]s 2lt) alt]s v) = D0 ol TTaf 7y e g

where the sum is taken over all compositions 7 = 7o - - - with parts in [k] and |7| = 71 + 73 + - -+ is the
weight of the composition 7. Also, we let

t — —
. . . T d ; () risy, (7 IViﬂ'iTr
Bi(in,. . im) = Br(x[t]; y[t)szlt); alt]; i[m];v) = 3 olm [ af e gy (7200 g

where again the sum is taken over all compositions = = my7ms - - - with parts in [k].

Next, one can copy the arguments of Lemma 2.1 substituting ¢; by v®¢; to obtain the following generalization
of Lemma 2.1:

VY vqi(1 —y;) vigi(xi — yi)
Bi(s) = B Bu(
(o) 1—gi(zi —yi) k+1_Qi(zi_yi)+1_% (zi — yi) Z £

One can then prove the obvious analogue of Lemma 2.1 by induction and apply it to prove the following
theorem.

Theorem 2.4. We have

Bk:1+2% H (1-a)

j=1 i=j+1
R Uiqmym 'Ui‘Im(lfym) . v qm(ym xm) ;
where v; = l—qm(zm—ym)Bk t G and o; = FEr e if © belongs to N,,,. Thus,

v/ q; (1—y;) k 1—gq; (zi—yi+v’ (yi—x4))
B 1+Zj 1 1-q;(zj—y;) Hl_j""l 1—qi(zi—yi)
k= k

I 1-qi(zi—yi+vi(yi—zi))
1— . vg5Yy;
Z] 11— q; (Z] y]) H'L =j+1 1— Q'L(zz z)

where for each variable a € {x,y, z,q} we have a; = a, if i € N,

Theorem 2.4 can be viewed as a g-analogue of Theorem 2.3. (Set v = 1 in Theorem 2.4 to get Theorem 2.3.)

3. COUNTING WORDS BY THE TYPES OF LEVELS

Suppose we are given a set partition N = N; UNy U --- U N;. First observe that for any fixed ¢, if we want
the distribution of words in [k]™ according to the number of levels which involve elements in N;, then it is
easy to see by symmetry that the distribution will depend only on the cardinality of N; N [k]. Thus we only
need to consider the case where s = 2 and Ny = {1, ...t} for some ¢ < k.
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Let

1—q;(z — y;)

q;Y;
(3.2) vi = ——==—— and
! 1—q;(z; —y5)

1- %(Zi - Iv)
3.3 ;| = —
(8:3) Hi 1 —qi(zi —yi)

Then we can rewrite (2.7) for any arbitrary set partition N=N; UNy U --- UNj as

k k
(3 4) Ay = 1+ ijl >‘j Hi:j+1 Hi
. ; i
1= ZJ':l Vi Hi:j+1 Hi

where for each variable a € {x,y, z, q}, we have a; = a,, if i € N,,.

Suppose we set 1 = X2 = y; = Y2 = 20 = 1 and ¢1 = g2 = ¢ in (3.4) in the special case where s = 2 and

N; = [t] for some ¢t < k. Then A\; = Ap =0, vy = %, vy = q, and p1 = pe = 1. It follows in this case
that
1
A, =
1= (1 q(Zl 1) +alk - t)>
o (=
- Z " i <m> (k=)™ <111>Z :

m>0 i—o \?! —Q(Zl - )

Since

() - Z%wa-y

(35) - Z( R TECER

it follows that

Thus taking the coefficient of z§ on both sides of (3.6), we obtain the following result.

Theorem 3.1. Let N = N; UNy where Ny = [t] and No = N —N;. Then if t < k, the number of words in
[k]™ with s levels that start with elements in Ny is

S () (e

Going back to the general set partition N = Ny UNy U --- U Ny, we can obtain a general formula for the
number of words in [k]™ for which there are ¢; levels which start with an element of N; for i = 1,... s as
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follows. Let n; = |[N; N [k]| for ¢ = 1,...,n. Then if set 2; = y; = 1 and ¢; = ¢ for all j, then it will be the
case that A\; =0 and p; =1 and v; = % for all j. It easy follows that in this case,

1
- (S )

- S (S)

m>0 i=1
S a;
o m m n;
B q 1y vy Qm 1—gq(z—1) '
m>0 a1+-ag=m ’ ’ =1
ai,...,as >0

Then using (3.5), we see that

m>0 a1+--+asg=m i=1b;>0
aq,...,a5>0

Sey Y % (e T e

n>0 m=0a;+--+tas=mby+---+bs=n—m
a,...,as >0 bi,...,bs>0

(3.8)

Taking the coefficient of z{* - - 2= on both sides of (3.8), we obtain the following result.

Theorem 3.2. Let N=N; U---UN; be a set partition of N. Let n; = |N; N [k]| fori=1,...,s. Then the
number of words in [k]™ with t; levels that start with elements in N; fori=1,... s is

n s i bz -1 bz
(3.9) Z Z Z (al,.é,a,,) G et (a +bi ) (tz)

m=0ay++as=mby+-+bs=n—m
ay,...,as>0  by,...,bs>0

4. CLASSIFYING WORDS BY THE NUMBER OF DESCENTS THAT START WITH ELEMENTS < t (Z t+ 1).

In this section, we shall consider the set partition N = Ny UNy where Ny = [¢]. Now if ¢ < k, then it is easy
to see that we can rewrite (2.7) as
k k
IR RN R | ey

(4.1) Ay = z k
1- Zj:l Vj Hz‘:j+1 i

where
1 1—qu(z —
Y (1 —y1) - QY1 and 1 = q1(z1 — z1) ifj <t
1—qi(z1 — 1) 1—qi(z1 — 1) 1—qi(z1 — 1)
and
1- 1 -
Jyp q2(1 —y2) - q2y2 and 1y = qo(2z2 — z2) 7>t
1 — qa(22 — yo2) 1 —qa(z2 — yo2) 1 — qa(22 — yo2)

Now if we want to find formulas for the number of words in [k]™ with s descents that start with an element
less than or equal to ¢, then we need to set o = y;1 = yo = 21 = 20 = 1 and ¢1 = g2 = ¢ in (4.1). In that
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9

case, we will have A; =0 and v; = ¢ for all j, u; =1+ ¢g(z1 — 1) for j <t¢, and p; =1 for j > ¢. It follows

that
A = 1
=
1- (Z?=t+1 q+ 22:1 qnizjﬂ(l +q(x1 — 1)))
1
1
L= i (k=g = 1) = 1+ (L + gz — 1))
= Z ﬁ ((k? — t)q(xl — 1) -1+ (1 + q<x1 . 1))t)m
m>0
= T i (o) el =) = e - 1)
m>0 a=0

D DR b Ol G (i 1 ) [ L (U U et

If we want to take the coefficient of ¢", then we must have b4+ ¢ =mn or ¢ =n —b. Thus

(4.2) 4= ¢ imi (’:) (m ) a) (ntf b) (=)™t — 1) (g — 1),

n>0 m>0a=0 b=0

Taking the coefficient of ¢ of both sides of (4.2), we see that

AP VE R 9 9 S (4 (o) | N R G

wE[k]™ m>0a=0 b=0
for all n. However, if we replace 1 by z 4+ 1 in (4.3), we see that the polynomial
S (e + e
wek]™
has the Laurent expansion
m m-—a _ t
S (M) () ot e
m>0a=0 =0 \¢ n=
It follows that it must be the case that
e m m—a ta m—a—b b.n—m __
S (M) (") () e <o,
m>n+1a=0 b=0

so that

(4.4) Ag=>q" i
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Thus if we take the coefficient of =5 on both sides of (4.4) and we use the remark in the introduction that
— «—
desyy(w) = risgpy1—4,... k3 (w) for all w € [k]", then we see that the number of words w € [k]" such that

-
desyy(w) = s (risgpsi1—¢,...k3(w) = s) is equal to

n— m—

S () (M) () (o

»
IS}

(4.5) >

Reordering the summands, we see that (4.5) is equal to

a0 Se-orSeo() £ 00

b=0 a=b

However it is the case that

(4.7) Ti @)(mba)(nsm)<a+7gii+1>(azb>'

This is easy to see combinatorially. That is, we can interpret the RHS of (4.7) as the number of ways of
choosing a + b+ 1+ s points, 1 < z1 < 29 < -+ < Tatpt1+s < n+ 1, from the set [n + 1] and then circling
a of the points from 1 < -+ < x44p. However if we classify our choices by the value m + 1 of z44p41, then
we see that (') can be viewed as the number of ways to pick the circled points from [m], (", ) can be
viewed as the number of ways to pick the non-circled chosen points from [m], and the binomial coefficient
("_Sm) can be viewed as the number of ways to pick the points z44p12 < -+ < Zgypt1+s from the interval
{m+2,...,n+1}.

Thus we have proved the following theorem.

Theorem 4.1. Ift <k, then the number of words w € [k]™ such that (%[t] (w)=s (r<i—S{k+1_t7wk}(w) =5)

1s equal to

(4.8) S(/ﬂ —t)° S(_l)n—a—b—s (ntil b) (a +7Z j: i N 1) (a ;r b) .

b=0 a=b

If we want to find formulas for the number of words in [k]™ with s descents that start with an element greater
than ¢, then we need to set ©1 =y; =y2 =21 =20 =1 and ¢1 = g2 = ¢ in (4.1). In that case, we will have
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Aj=0and v; =qforall j, uyj =1+ ¢q(xe — 1) for j > ¢, and p; =1 for j < t. It follows that

1
A t k—t k k
1- (Zj=o q(1+q(z2 — 1)) + Zj=t+1 QHisz(l + q(ze — 1)))
— 1
B oy — k—t__
_ 1
1— oy (a2 = DL+ gz = 1R+ (14 qan — 1)1 = 1)
1

- ﬁ ((gt(z2 — 1) + D)1 + g(zo — 1))t —1)

= Z (% ((gt(z2 — 1) + 1) (1 + g(za — 1))* " — 1)

m

= > % > <m> (=1)™*(gt(x2 — 1) +1)*(L + q(az — 1))

a (k—t)a

C Ty g ) e

ch

({,CQ — 1)0.

Again, if we want to take the coefficient of ¢™, then we must have b+ ¢ =n or ¢ =n — b. Thus

(4.9) 4=y i i(q)m*a (7:) <Z) <(l;_tga)tb(x2 —1yn

n>0 m>0a=0 b=0

Taking the coefficient of ¢ of both sides of (4.9), we see that

o S () e

melk]™ m>0a=0 b=0

for all n. However, if we replace x5 by z 4+ 1 in (4.3), we see that the polynomial

welk]n

has the Laurent expansion

SEEer (O L)
m>0a=0 b=0 a n=
It follows that it must be the case that
W m\ (a\ [ (k—t)a
—_1)ym—a b n—-m _
2 2y () () (G5 e
m>n+1a=0 b=0

so that

am e Be 35S () () () e

n>0 m=0a=0 b=0

11
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Thus if we take the coefficient of x5 on both sides of (4.11) and we use the remark in the introduction that
— —

desgiq1,... k3 (w) = risp_y(w) for all w € [k]", then we have that the number of words w € [k]" such that
—

desgiqr,.. ky(w) = s ((ri_s[k,t] (w) = s) is equal to

e Zeser ()0

m=0 a=0 b=0

Reordering the summands, we see that (4.12) is equal to

R ENEOT)

m=a

However it is easy to see that

(4.14) :; <TZ> (n | m) B <a Zilt s)

because the LHS of (4.14) is the result of classifying the ways to pick a + 1 + s points from [n + 1] by the
value m + 1 of the (a + 1)-st point reading from left to right. Thus we have obtain the following theorem.

«—

Theorem 4.2. Ift < k, then the number of words w € [k]"™ such that a_es{t_‘_l,__ﬂk}(w) = s (rispp_g(w) = s)
s equal to

(4.15) Stbnz_s(—l)”’“’s (Z) ((i__tga> (a _T:i 1)'

b=0 a=b

In some special cases, we can give direct combinatorial proofs of Theorems 4.1 and 4.2. For example, in the
special case of Theorem 4.2 where t = k — 1, one can use the Pfaff-Saalschiitz Theorem to show that

(1 () -5 ()0) )
so that (4.15) reduces to

(4.17) g(k — 1) (i) <” . b).

It is easy to see that (4.17) is the result of classifying the words such that %{k}(w) = s by the number of
letters which are not equal to k£ in the word. That is, if there are b such letters, then we can pick a word of
length b in the alphabet {1,...,k — 1} in (k — 1) ways. Next we insert a k directly in front of s different
letters in u in (S) ways to create s descents that start with k. Finally we can place the remaining n — b — s
k’s either in a block with one of the k’s that start a descent or at the end of u. The number of ways to place
the remaining k’s is the number of non-negative integer valued solutions to 1 + -+ + x5 =n — b — s or,
equivalently, the number of positive integer valued solutions to y; + -+ 4+ ys+1 = n — b+ 1 which is clearly

(";b). We can give a similar combinatorial proof of Theorem 4.1 in the special case when ¢t = 2.

Il
53
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5. CLASSIFYING DESCENTS AND RISES BY THEIR EQUIVALENCE CLASSES mod s FOR s > 2.

In this section we study the set partition N =N; UNy U -+ UNg where s > 2 and N; = {j | j =4 mod s}
for i =1,...,s. In this case, we shall denote N; = sN+ifori=1,...,s—1 and N; = sN.

Recall that we can rewrite (2.7) as

k k
1+ A i

(5.1) Ay = - r
1- Zj:l vy Hi:j—i—l 25
) 7; (1-y;) 1—qi(zi—zq) o 9;Y;
where Aj = = (JI](ZJ Jyg)’ i = T=qGi—w) and v; = 1*%(]2]‘]*?/]‘)'
We let A,(f) denote Ay, under the substitution As;+; = Aj, peir; = pj, and vg; = v foralliand j =1,...,s.

Then it is easy to see that for k > 1,

L+ (D05 N Tl 1 S o (e - )"

(= ) ( )
(Z 1Y Hi:j+1 /“z) (Z (pappe - Ms)r)
( ) (¢
- (% ) (=

A -

1+ Z] DY Hl i i praprg-eepps)* = 1)

(Hip2ps)—1
(Hl,uz )k —1
=1 vj Hz =j+1 i

(1p2-ps)—1

Similarly for 1 <t <s—1,

(52) A%, =
Lo (5 A T ) (o 1))+ (g 1) (5 A TL g 1) (020 i+ )" )
1 (S v Tl 1) (o)) = sz - ) (S v Ty 1) (2020 -+ 1))
1“‘(2;:1)‘3’ HE:;’H :“z ((H(I,ZZMMS) . 1) + M1M2 )(Z;:tJrl)‘j Hf:jﬂ :“z ((fffz “S) _1)
(Ut - Sormes

t 1Tt (Bipa-ps) -1 Hipa - ub)’“ 1
1- (Z]‘:l vj Hi:j-ﬂ,—l 14i)

(mipaps)—1 (kapez - )(Zj=t+1 Vi Hf=j+1 i) (mpzps)—1

5.1. The case where k is equal to 0 mod s. First we shall consider formulas for the number of words in
[sk]™ with p descents whose first element is congruent to » mod s where 1 < r < s. Note that if we consider
the complement map compsgy, : [sk]™ — [sk]™ given by comp(my -+ 7mp) = (sk+1—m1) -+ (sk+ 1 —my,), then
it is easy to see that (%SNJ’,T(T(—) = <1ESSN+S+1,T(compsk(w)) for r = 1,...,s. Thus the problem of counting
the number of words in [sk]™ with p descents whose first element is congruent to » mod s is the same as
counting the number of words in [sk]™ with p rises whose first element is congruent to s +1 —r mod s

Now consider the case where z; =y; =1 and ¢; =g fori=1,...,s and x; = 1 for i # r. In this case,

AD =S 3 et

n>0  we(sk]™
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5)

Substituting into our formulas for Agk , we see that in this case \; =0 and v; = ¢qfori=1,...,

for i # r and p, = 1+ q(x, — 1). Thus under this substitution, (5.2) becomes
1
1= ((r = Dgpr + (s — 7+ 1)g) =
1
(s + (r = 1)g(e, — 1) (uk — 1)

(s)
Ask

(s + (r = Dg(wr — 1))’ (uy — 1)

I
M8 N

ot
(zr = 1)

1 AN o [ o
[ — J—11 —1)gh - — 1)n 1) 2 kio
1,2, () (r =D (@, — 1) ()( Y

1,12=

19 10 1

Il
=)

J t=0

Taking the coefficient of ¢™ in (5.3), we see that n =t 4 i; so that

o BrE L (R e

n>0 7=0141,i2=0

Thus we must have

sand pu; =1

G X A =3 G (D) (D) (K -

TE[sk]™ Jj=011,i2=0
for all n. However, if we replace x,. by z 4+ 1 in (5.4), we see that the polynomial
S (a1
mE[sk]™
has the Laurent expansion
5 5 o (9 () ()
=0 i1 yi2=0 11 12 n—1
It follows that it must be the case that
oo J . . k‘
£, Z o ()
Jj=n-+141,i12=0 gl 2 n—u

so that

@ seReEE e (O

n>0 7=011,i2=0

Thus we have the following theorem by taking the coefficient of 22 on both sides of (5.5).
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Theorem 5.1. The number of words m € [sk]™ with (ESN_H(?T) =p (<ri_ssN+s+1_T(7r) =p) is

(5.6) g | i (=1)rtPtizgd =i (p — 1) (i) (Zi) (nkiil) (n ; j)-

7=011,i2=0

In the case s = 2, our formulas simplify somewhat. For example, putting s = 2 and r = 2 in Theorem 5.1,
we obtain the following.

«—

Corollary 5.2. The number of n-letter words © on [2k] having CEE(W) = p (resp. riso(m) = p) is given by

5 3 e (60

7=0141,12=0

Similarly, putting s = 2 and r = 1 in Theorem 5.1, we obtain the following.

—

Corollary 5.3. The number of n-letter words m on [2k] having ((Eso(w) = p (resp. risg(w) = p) is given by

n—p j k .
2 () G)(,)
7=0 :=0 v n p

5.2. The cases where k is equal to t mod s for t = 1,...,s — 1. Fix t where 1 <t < s — 1. First we
shall consider formulas for the number of words in [sk + ¢]™ with p descents whose first element is congruent
to r mod s where 1 < r < s. We shall see that we have to divide this problem into two cases depending

on whether r < ¢ or r > t. Note that if we consider the complement map compgp4: : [sk + t]” — [sk + t]”
—
given by comp(my - mp) = (sk+t+1—m)---(sk+t+1—m,), then it is easy to see that desgyy,(7) =
; pull

il
TiSgN+t+1—r(compsp(m)) for r = 1,... ¢ and desgnyr(7) = rissntstr_t—1(compsp(m)) for r=t+1,...,s

First consider the case where y; = z; =1 for i = 1,...,s and x; = 1 for i # r where r > ¢. In this case,

= D desqnr(m)
€SsN+r (T
sk+t q mr .

n>0  we[sk+t]n

Substituting into our formulas for A(k)ﬂ7 we see that in this case \; = 0 and v; = g for i = 1,...,s and
pi =1 for i # r and p, = 14 g(x, — 1). Thus under this substitution, (5.2) becomes
1
A(i—i-t = k
s —1

1- qt(’;{L ) —((r=1—=t)qu, + (s —r+1)q) qéf;;,—l)

_ 1
T ol T = D)+ (s~ 4+ (r— 1~ (e — 1)k — 1)

_ 1
1— gy lekls + (r = Da(er, = D] = [s + (r = 1 = t)g(a, — 1)]]
= 1

= Z m[ﬂf[s +(r =gz, —1)] = [s+ (r — 1 —t)g(z, — )]
m=0 r

oo m

= Y () = 1= e~ 1) s = D — )

m=0 j= 0
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Using the expansions

m—j .
(54 (r — 1= )glay — 1)) — (m. ”)sm-j—il (r—1—8)g" (2 — 1)1,
: 11

(s+ (r— gz, — 1)) = Z (?)sj_iz (r —1)2¢"(z, — 1), and

im0 \'2
wl = 2(13)q’3<xr—1y3,
13=0

and setting i, + iz + i3 = n, we see that (5.7) becomes

(5.7) AR =

Thus we must have

(5.8) Y gesanee(™ =

SIS S (s — 1 = )i (r — 1) x

m=0 j=0 i3 =0 i,=0

)1 08| P

for all n. However, if we replace z,. by z 4+ 1 in (5.8), we see that the polynomial

> (e 1

wE [sk+t]™
has the Laurent expansion
Shuke < o (M) (=3 (] kj .
S S ey (M) (") () ()
m=0 j=0 i1=0 iz—=0 1 =T
It follows that

m m—j

g R Y o [ [

m=n+1 j=0 i, =0 i=0 J 2
so that
(59 AR, =

m m—j

)P IHIPNEILELES sr=1-one— (M) (" (D)) e -

2 (2
m=0 j=0¢1=0i2=0 J 1 2

Thus we have the following theorem by taking the coefficient of 22 on both sides of (5.9).
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Theorem 5.4. Ift=1,...,s—1 and t <r < s, then the number of words = € [sk+t]™ with (%SNJH.(?T) =p

pln
(rissNystr—t—1(m) =p) is

zzzz e () ()0 () ()

In the case s = 2, our formulas simplify somewhat. For example, putting s = 2, r = 2 and ¢t = 1 in Theorem
5.4, we obtain the following.

Corollary 5.5. The number of n-letter words © over [2k 4+ 1] having CEE(TF) = p (resp. l("l—SE(ﬂ') = p) is
given by
n—p m j . .
S S (7) () () ()
o e e iJ\iJ\n—1 P
Next consider the case where y; = z; =1 fori=1,...,s and x; = 1 for i # r where r < ¢. In this case,
Agk)—&-t Z q" Z s (m),
n>0  we[sk+t]n
Substituting into our formulas for A(k)ﬂ7 we see that in this case \; = 0 and v; = g for i = 1,...,s and
pi =1 for i # r and p, = 1+ g(x, — 1). Thus, under this substitution, (5.2) becomes
s 1
Aik)th = s uk—1
1- ((T - l)q,ur) + Q(t —r+ 1))q(rgw_1) - (3 - t)Q/er
_ 1
1= Gyl + (r = Daler = D)) (™ = 1) + (s = Opr(uf — 1))
_ 1
-k [,/;H[s (=@ — D]~ s+ (s~ t+7 — Dala, — D]
= Z i s+ (r = Daley — D] =[5+ (s =t + 7 = Dg(a, — ]J™
m:O
e m J . S
= 23 E () (st s — D)o+ = D, = DY,
m=0 j=0
Using the expansions
m—j .
m—j m=J\ m—j—i i i
(s+(s—t+r—1g(x, —1)"7 = ( . )s ITh(s —t 4 —1)1g" (@, — 1)1,
h=o N U
(s+(r—=1pl = Z (?)sj_“’(r —1)2¢"(z, — 1)"?, and
im0 \"2
kj+j
Pt = (’W +J)  (a, — 1),
3
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and setting i1 + i + i3 = n, we see that (5.11) becomes

()
(5.11) Ajﬁ_t =

co m m—j

Zq ZZZZ mjm“ ”(s—t—&-r—l)il(r—l)”x

n>0 m=0 j=0¢;=01i2=0
o . i+ i
e
J 11 12 n—1i — 1y
Thus we must have

o1 5 o
TE[ske]™

o m m—j j

SN S (s (s — e — 1 (r - 1)

m=0 j=0i1,=01i2=0

(5) <“”:-;f'> (2)(, 1557 Y-

for all n. However, if we replace x, by z + 1 in (5.12), we that the polynomial
PRV
TE [sk+t]™
has the Laurent expansion

ZZZ<><><> IO

12

A ‘ o . ki 4 i
Z Z Z Z(f]‘)m Jsm i1— 12(57t+7ﬂ71)z1(r71)12 <m> (m J> <]>( ]'+.7 ' )an =0
m=n+1j=04;=0iy=0 J (31 12/ \N — 11 — 12

so that

S S e () () () (e

1
=05=04i1=0142=0 J 2

Thus we have the following theorem by taking the coefficient of 2P on both sides of (5.9).

Theorem 5.6. Ifk>0,s>2,t=1,...,s—1, and t <r < s, then the number of words 7 € [sk + t]"™ with
S o .
dessnir () = p (CiSsNtstr—t—1(T) =p ) is

;Z_ imz_ i )Pt gm=iiia (g g o — 1) (p — 1) (?) (m,; j) (32) (n f];j i2> (n ;m)

In the case s = 2, our formulas simplify somewhat. For example, putting s = 2, 7 = 1 and ¢ = 1 in Theorem
5.4, we obtain the following.
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e o .

Corollary 5.7. The number of n-letter words m over [2k + 1] having desp(mw) = p (resp. riso(w) = p) is
given by

SR nlzﬂ(_l)n+P+j2m7i <m> (m - ]> (kj +]) (n — m>
m=0 j5=0 i=0 .7 1 n-—1 p

6. CONCLUDING REMARKS

A particular case of the results obtained by Burstein and Mansour in [4] is the distribution of descents (resp.
levels, rises), which can be viewed as occurrences of so called generalized patterns 21 (resp. 11, 12) in words.
To get these distributions from our results, we proceed as follows (we explain only the case of descents; rises
and levels can be considered similarly). Set ©1 =23 =2, y1 =y2 =21 = 220 =1, and ¢ = g2 = ¢ in Aéi)
and Agg 41 to get the distribution in [4, Theorem 2.2] for £ = 2 (the case of descents/rises). Thus, our results
refine and generalize the known distributions of descents, levels, and rises in words.

It is interesting to compare our formulas with formulas of Hall and Remmel [7]. For example, suppose that
X=FandY =Nand p=(p1,...,p2x) is a composition of n. Then Theorem 1.1 tells that the number of

=
words 7 of [2k]™ such that desg(7) = p is

k
(6.1) ( “ ) i(_l)p—r (a + 7“> (n + 1) H (Pzi + 1+ (p2it1 + p2its + - + pzk1)>
- P25 P45 -+ -5 P2k r i ’

- T
r=0 p i=1 P2

where a = ps + pg + - -+ + p2x- This shows that once we are given the distribution of the letters for
words in [2k]™, we can find an expression for the number of words 7 such that des g(m) = p with a single
alternating sum of products of binomial coefficients. This contrasts with Corollary 5.2 where we require a
triple alternating sum of products of binomial coefficients to get an expression for the number of words of
[2k]™ such that (<ESE (r) = p. Of course, we can get a similar expression for the number of words of [2k]"
such that desp(7) = p by summing the formula in (6.1) over all ("FET1) compositions of n into k parts but
that has the disadvantage of having the outside sum have a large range as n and k get large. Nevertheless,
we note that for (6.1) Hall and Remmel have a direct combinatorial proof via a sign-reversing involution. It
is therefore natural to ask whether one can find similar proofs for our formulas in Sections 3 and 4.

There are several ways in which one could extend our research. For example, one can study our refined
statistics (b_esX (m), f%x(ﬂ'), Levx (7)) on the set of all words avoiding a fixed pattern or a set of patterns
(see [1, 2, 3, 4] for definitions of “patterns in words” and results on them). More generally, instead of
considering the set of all words, one can consider a subset of it defined in some way, and then to study the
refined statistics on the subset. Also, instead of considering refined descents, levels, and rises (patterns of
length 2), one can consider patterns of length 3 and more in which the equivalence class of the first letter is
fixed, or, more generally, in which the equivalence classes of more than one letter (possibly all letters) are
fixed. Once such a pattern (or set of patterns) is given, the questions on avoidance (or the distribution of
occurrences) of the pattern in words over [k] can be raised.
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